Dynamic aeroelasticity of aircraft with swept wings by Radok, J. R. M.
n i i i u u u i i i i i
u
i  
3  8 0 0 6  1 0 0 5 8  1 0 6 1 0 1  
	
R e p o r t  N o .  5 8  
A L E
3
. L L
1  9 5 1  
T H E  C O L L E G E  O F   A E R O N A U T I C S  
C R A N F I E L D   
D y n a m i c  A e r o - e l a s t i c i t y  o f  A i r c r a f t  
l i t h  s w e p t  w i n g s  
-  b y  -  
J . R . M .  R a d o k 7  B . A . ,  ( M e l b o u r n e ) .  
- - - o  C o - - - -  
S U M M A R Y  
U s i n g  o b l i q u e  c o o r d i n a t e s ,  i n t e g r o - d i f f e r e n t i a l  
e q u a t i o n s  o f  m o t i o n  o f  a i r c r a f t  w i t h  s w e p t  w i n g s  a r e  
d e d u c e d  f r o m  H a m i l t o n ' s  P r i n c i p l e  f o r  t h e  d y n a m i c  
p r o b l e m s  o f  a e r o - e l a s t i c i t y ,  i . e .  f o r  t h e  p r o b l e m s  o f  
f r e e  v i b r a t i o n s ,  f l u t t e r ,  d y n a m i c  s t a b i l i t y  a n d  g u s t  
l o a d s .  B y  u s e  o f  a  c o n c i s e  n o t a t i o n  t h e  f i n a l  e q u a t i o n s  
a r e  p r e s e n t e d  i n  a  f o r m  s p e c i a l l y  s u i t e d  f o r  
f u n d a m e n t a l  a s  w e l l  a s  f o r  p r a c t i c a l  i n v e s t i g a t i o n s .  
T h e y  a r e  d i s c u s s e d  i n  s o m e  d e t a i l  a n d  t h e i r  s o l u t i o n  
b y  n u m e r i c a l  m e t h o d s ,  c o n v e n t i o n a l  i n  a e r o - e l a s t i c  
w o r k v i s  i n d i c a t e d .  A l l  i m p o r t a n t  a s s u m p t i o n s  m a d e  
a r e  s u m m a r i s e d  a n d  w i l l  b e  s e e n  t o  a g r e e  w i t h  t h o s e  
c o m m o n l y  m a d e .  
B H F  
M r .  R a d o k  i s  a  m e m b e r  o f  t h e  s t a f f  o f  t h e  S t r u c t u r e s  
S e c t i o n  o f  t h e  A e r o n a u t i c a l  R e s e a r c h  L a b o r a t o r i e s ,  
D e p a r t m e n t  o f  S u p p l y ,  A u s t r a l i a ,  a n d  i s  a t  p r e s e n t  
s t u d y i n g  a t  t h e  C o l l e g e .  A c k n o w l e d g e m e n t  i s  p a i d  
t o  A . R . L ,  f o r  t h e i r  a g r e e m e n t  t o  p u b l i s h  t h i s  a s  a  
C o l l e g e  R e p o r t .  
L I S T  O F  C O N T E N T S  
N o t a t i o n  
1 .  I n t r o d u c t i o n  
1 0 1  G e n e r a l  R e m a r k s  	
4  
1 0 2  A s s u m p t i o n s  
	 6  
2 .  C o o r d i n a t e  S y s t 3 m s  a n d  N o t a t i o n  
	 8  
3 .  K i n e t i c  E n e r g y  	
9  
4 .  
P o t e n t i a l  E n e r g y  
	
1 3  
5 .  N o n - c o n s e r v a t i v e  F o r c e s  
5 . 1  G e n e r a l  R e m a r k s  	
1 6  
5 . 2  V i b r a t i o n s  i n  v a c u o  a n d  s t i l l  a i r  
	
1 6  
5 . 3  
F l u t t e r  a n d  D y n a m i c  S t a b i l i t y  
	
1 7  
5 . 4  
G u s t  L o a d s  	
2 1  
6 .  
T h e  I n t e g r a l  E q u a t i o n s  o f  M o t i o n  
6 . 1  
G e n e r a l  R e m a r k s  
	
2 2  
6 . 2  F r e e  V i b r a t i o n s  i n  v a c u o  
	
2 3  
6 . 3  F l u t t e r  a n d  D y n a m i c  S t a b i l i t y  
	 2 9  
6 . 4  G u s t  L o a d s  
	
3 2  
7 .  M e t h o d  o f  S o l u t i o n  
	
3 3  
8 .  C o n c l u s i o n s  	
3 4  
R e f e r e n c e s  	
3 5  
A p p e n d i x  1  	
3 7  
T a b l e  1  	
4 1  
F i g u r e s  1  -  
6  
-  1  -  
N n T A T T O 7  
A y  B  C  
C .  . ( y
I  
 )  
i j   
C
f  
F 9  G  
A x i a l  M o m e n t s  o f  i n e r t i a  o f  a i r c r a f t  r e f e r r e d  
t o  a x e s  
0 1 x 1 '  
0
1
Y  l  
 y  0
1
z
1  
( s e e  1 A 2 ,  s e c t i o n  1 . 2 )  
I n f l u e n c e  f u n c t i o n s  f o r  w i n g s  ( s e e  4 . 6 )  
T o r s i o n a l  s t i f f n e s s  o f  f u s e l a g e  
P r o d u c t s  o f  i n e r t i a  o f  a i r c r a f t  ( s e e  1 A 2 )  
	
E
f  	
Y o u n g ' s  m o d u l u s  o f  m a t e r i a l  o f  f u s e l a g e  
T Y
S e c o n d  m o m e n t s  a n d  p r o d u c t  o f  a r e a  o f  
	
 	
Y  
l f  	
z  f '  
T z  f  
1  1  	
1  	 f u s e l a g e  s e c t i o n s  
I
x  9  
 T
x  
' 1  
	 9  
I
z  
1  1  	 1   
M o m e n t s  a n d  p r o d u c t  o f  i n e r t i a  o f  w i n g  
s e c t i o n s  
1  
N  K  
C  
P o l a r  m o m e n t  o f  i n e r t i a  o f  w i n g  s e c t i o n s  
P o l a r  m o m e n t  o f  i n e r t i a  o f  f u s e l a g e  s e c t i o n s  
L o a d i n g  c o e f f i c i e n t  f o r  l i f t  d i s t r i b u t i o n  
u n d e r  s t e a d y  c o n d i t i o n s  
A e r o d y n a m i c  c o e f f i c i e n t s  d e f i n e d  b y  ( 6 . 4 . 8 )  -  
( 6 . 4 . 2 7 )  
O b l i q u e  c o m p o n e n t s  o f  c o u p l e  a p p l i e d  t o  w i n g s  
a b o u t  
0
1
X
1 s '  
0
1
Y
l s  
( s e e  P i g . 3 )  
A e r o d y n a m i c  l i f t  a n d  m o m e n t  
T o t a l  m a s s  o f  a i r c r a f t  
L i f t  s l o p e  d i s t r i b u t i o n  o f  f i n i t e  w i n g  
( s e e  5 . 3 . 1 0 )  
J
Y 1  
J x i  
f  
c C Z   
K  
- -  
c c
L  
K
a y  M a  
e t c .  
L
1 '  
M
1  
d L ,  d M  
0
0 x 0
Y o z o  	
O r t h o g o n a l  r e c t i l i n e a r  
	
(  s p a c e  
r i g h t - h a n d e d  c o o r d i n a t e  
0
1
x
1
Y
1
z
1  	
s y s t e m s  f i x e d  i n  	
a i r c r a f t  
0
1
x
1
y
l e
z
1  	
O b l i q u e  r e c t i l i n e a r  ( r i g h t  h a n d e d  
	 s t a r b o a r d  
c o o r d i n a t e  s y s t e m s  (  
	 f o r  	
w i n g s  
p z i  
f i x e d  i n  a i r c r a f t  ( l e f t  h a n d e d  
	 p o r t s i d e  
P 9  Q 9  R  
	
A n g u l a r  b o d y  m o t i o n  o f  a i r c r a f t  r e f e r r e d  t o  
0
1
x
1
Y
1
z
1  
Q r  
	
N o n - c o n s e r v a t i v e  f o r c e s  
T  
	
K i n e t i c  e n e r g y  
U
o  
	
0  0  0  0  0  0  
2 
0 
U, v 9 W 
Constant mean forward velocity 
Coordinates of 0 1 relative to OcxoYz o° 
U Potential energy 
Wg 	 Gust velocity 
= 
5112 Y1 E 1 	 Position of centre of mass of aircraft 
relative to 0 1 (see 1A2) 
Position of centre of mass of fuselage sections f9 z1f 
Z 	 Downward load at wing section 
a 12 a 1 	 Lift slope of wing section and of whole aircraft 
c 	 Wing chord 
r 2 ct Root and tip chord of wing 
c 
i91 1 2i2j 1 2k 
 ka p kb 
m(Y1) 
mf (xl ) 
ma 2 mb 
k12 k2 
P f 
P9 q 
P 9 q S 	 s 
P cl P P 
Mean chord of wing 
Unit vectors (see Fig.3) 
Lift flutter derivatives 
Mass distribution of wing 
Mass distribution of fuselage 
Moment flutter derivates 
Wagner and Ktssner functions 
Torsional displacement of fuselage 
Components of rotation of wing sections 
s 	 Non-dimensional time for gust loads 
t 	 Time 
1 u 9 v 9 w 	 Displacements of points of wing sections 11 S 2VS 2W Up 2 Vp 2 wp 	 relative to 01 x1 Y1 z 1 
v f 2 vf Lateral displacements of fuselage relative to 01 x1 Y1 z 1 
P o s i t i o n  o f  c e n t r e  o f  m a s s  o f  w i n g  s e c t i o n s  
G e n e r a l  d i s p l a c e m e n t s  o f  w i n g  s e c t i o n  ( s e e  
s e c t i o n  5 . 3 )  
I n f l u e n c e  f u n c t i o n s  ( s e e  4 . 7 )  
B e n d i n g  d e f l e c t i o n  o f  w i n g  s e c t i o n  
a  	
C o m p l e m e n t  o f  a n g l e  o f  s w e e p  b a c k  o f  r e f e r e n c e  
a x i s  0
1
Y
1  
0  	
F r e e  s t r e a m  M a c h  n u m b e r  
8  U 2  
e t c .  	 A r b i t r a r y  d i s p l a c e m e n t s 9  f o r c e s  e t c .  
v  	
F r e q u e n c y  o f  o s c i l l a t i o n  
A i r  d e n s i t y  
S h e a r  d e f l e c t i o n  o f  w i n g  s e c t i o n  
R e d u c e d  f r e q u e n c y  
A d d i t i o n a l  n o t a t i o n  o f  a  m o r e  s p e c i a l  c h a r a c t e r  i s  d e f i n e d  
i n  s e c t i o n s  6 . 2  a n d  6 . 3  
T i m e  	
(  d o t s  
d e r i v a t e s  a r e  i n d i c a t e d  b y  
S p a c e  	
(  s t r o k e s  
Z
9  
r  j  
- 
1. INTRODUCTION 
1.1 General Remarks  
All the subjects which will here be classed as dynamic 
problems of aero-elasticity have been developed independently 
over many years 9 mostly as the result of the discovery of 
actual phenomena requiring theoretical explanations. For this 
reason s aero-elasticity still lacks a unified notation, and 
the transference of results from one problem to another often 
presents great difficulties. 
	 The lack of a coffimon notation 
is probably also to some degree responsible for the fact that 
up to date no attempt has been made to develop a general theory 
of dynamic aero-elasticity. 
The advent of swept wings once again has introduced 
into aero-elasticity a new aspect which this time is due to 
affect all the problems coming under that heading. This event 
thus appears to offer a good opportunity of filling the gap 
and it is one of the objects of this report to present a 
unified theoretical treatment of dynamic aero-elasticity. 
For this purpose dynamic aero-elasticity will be 
conceived as the theory of the free and forced vibrations of 
aircraft 9 so that ab initic there exists no need for further 
sub-dividing the subject. 	 Nevertheless a natural subdivision 
is suggested by the different tyres of forcing functions which 
give the problems of aero-elasticity their special character. 
In this way one arrives at the following throe types of 
problems:- 
i) Free vibrations in vacuo 
i.e. no external forces exist 
ii) Flutter and dynamic stability 
i.e. external forces occur due to harmonic 
motion of the wings 
iii) Gust loads 
i.e. external forces occur due to arbitrary 
motion of the wings. 
Obviously the basic equations of motion corresponding to 
these groups will only differ by terms representing the 
external forces. 	 Only reasons of tradition and convenience 
make it advisable to distinguish between the problems (ii) 
and (iii). 
On the whole, the notation of the present report will 
differ from that used in almost all other aero-elastic work. 
Apart from the general reason indicated above, this state of 
affairs has been caused by two facts: the use of integral 
equations and of oblique coordinates. 	 Both of these may be 
considered unnecessary innovations, and thus it becomes the 
final object of this report to offer convincing evidence that 
their introduction leads to a clear and simple form of the 
relevant equations of motion. In the remaining part of this 
sub-section an attempt will be made to justify these steps on 
more general grounds. 
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A i r c r a f t  l i k e  a n y  o t h e r  b o d i e s  o c c u r r i n g  i n  n a t u r e ,  a r e  
c o n t i n u o u s  m a s s  s y s t e m s  w h i c h  e x h i b i t  f r o m  t h e  t h e o r e t i c a l  a s  
w e l l  a s  f r o m  t h e  p r a c t i c a l  p o i n t  o f  v i e w  f e a t u r e s  t y p i c a l  f o r  
s u c h  s y s t e m s .  
	 I n  m a t h e m a t i c a l  t e r m s  t h i s  m e a n s  t h a t  t h e  
e q u a t i o n s  o f  m o t i o n  w i l l  b e  i n t e g r o - d i f f e r e n t i a l  e q u a t i o n s ,  
t h e  k e r n e l s  o f  w h i c h  i n v o l v e  t h e  c o n t i n u o u s  d i s t r i b u t i o n s  o f  
m a s s o c r o d y n a m i c  l o a d i n g ,  e t c .  
	
T h e  n o r m a l  t y p e  o f  e q u a t i o n s  
w i l l  c o n t a i n  t i m e  a n d  s p a c e  d e r i v a t i v e s  o f  t h e  i n d e p e n d e n t  
v a r i a b l e s  r e p r e s e n t i n g  d i s p l a c e m e n t s .  
	
C o m b i n e d  w i t h  i n i t i a l  
a n d  b o u n d a r y  c o n d i t i o n s  s u c h  e q u a t i o n s  w i l l  d e f i n e  u n i q u e l y  
t h e  s t a t e  o f  t h e  a i r c r a f t  a t  a n y  o n e  i n s t a n t .  
H o w e v e r  t h e r e  e x i s t s  y e t  a  s i m p l e r  s e t  o f  e q u a t i o n s  
o f  m o t i o n ,  t h e  s o l u t i o n s  o f  w h i c h  a u t o m a t i c a l l y  s a t i s f y  t h e  
b o u n d a r y  c o n d i t i o n s .  	 T h e s e  i n t e g r o - d i f f e r e n t i a l  e q u a t i o n s  
c a n  b e  o b t a i n e d  i n  v a r i o u s  w a y s ;  f o r  e x a m p l e  b y  i n t e g r a t i n g  
t h e  t r a d i t i o n a l  e q u a t i o n s  a n d  u s i n g  t h e  b o u n d a r y  c o n d i t i o n s .  
H e r e  a  d i f f e r e n t  a p p r o a c h  h a s  b e e n  a d o p t e d  i n  t h a t  t h e s e  
e q u a t i o n s  h a v e  b e e n  d e d u c e d  d i r e c t l y  f r o m  H a m i l t o n ' s  P r i n c i p l e .  
F o r  t h i s  p u r p o s e  i t  i s  o n l y  n e c e s s a r y  t o  m a k e  a  j u d i c i o u s  
c h o i c e  o f  t h e  i n d e p e n d e n t  v a r i a b l e s ,  s o m e  o f  w h i c h  w i l l  b e  s e e n  
t o  b e  s p a c e  d e r i v a t i v e s  o f  t h e  d i s p l a c e m e n t s  u s e d  n o r m a l l y .  
O b v i o u s l y  t h i s  l a s t  s t e p  w i l l  o n l y  b e  p o s s i b l e  i f  t h e  
c o n t i n u o u s  c h a r a c t e r  o f  t h e  s t r u c t u r e  i s  p r e s e r v e d .  	
I n  
p h y s i c a l  t e r m s  t h e s e  n e w  v a r i a b l e s  w i l l  b e  s e e n  t o  r e p r e s e n t  
t h e  c u r v a t u r e s  a n d  s p a c e  r a t e s  o f  t w i s t  o f  t h e  d e f o r m e d  
s t r u c t u r e .  	 W i t h  t h e s e  n e w  v a r i a b l e s  t h e  f i n a l  i n t e g r o -  
d i f f e r e n t i a l  e q u a t i o n s  o f  m o t i o n  w i l l  b e  f o u n d  t o  i n v o l v e  o n l y  
t i m e  d e r i v a t i v e s .  
	 T h u s  i n  t h e  c a s e  o f  t h e  p r o b l e m s  ( i )  a n d  
( i i )  a b o v e ,  w h e n  t h e  a i r c r a f t  i s  s u b j e c t  t o  h a r m o n i c  m o t i o n  
t h e  c h a r a c t e r i s t i c  e q u a t i o n s  d e t e r m i n i n g  f r e q u e n c i e s ,  m o d e s  
a n d  f l u t t e r  s p e e d s  a r e  F r e d h o l m  i n t e g r a l  e q u a t i o n s  o f  t h e  
s e c o n d  k i n d .  	 E x a c t  s o l u t i o n  o f  t h e s e  l a s t  e q u a t i o n s  i n  a n y  
p r a c t i c a l  a p p l i c a t i o n  m a y  p r e s e n t  u n s u r m o u n t a b l e  d i f f i c u l t i e s ,  
s o  t h a t  i t  w i l l  b e c o m e  n e c e s s a r y  t o  i n t r o d u c e  s o m e  
a p p r o x i m a t i o n  s u c h  a s  r e p l a c e m e n t  o f  t h e  i n t e g r a l s  b y  f i n i t e  
s u m s .  	 I t  i s  e a s i l y  r e a l i z e d  t h a t  b y  t h i s  m e t h o d  t h e  
e q u a t i o n s  o f  m o t i o n  b e c o m e  m a t r i x  e q u a t i o n s  o f  a  t y p e  w e l l  
k n o w n  i n  a n y  a p p l i e d  d y n a m i c  o r  a e r o - e l a s t i c  w o r k .  
A l t e r n a t i v e l y ,  e x p e r i m e n t a l l y  d e t e r m i n e d  m o d e s  m a y  b e  u s e d  a s  
i n  t h e  s t a n d a r d  p r a c t i c e  o f  f l u t t e r  i n v e s t i g a t i o n s .  
	
B u t  i t  
s h o u l d  b e  u n d e r s t o o d  t h a t  e i t h e r  o f  t h e s e  m e t h o d s  a r e  
c o m p u t a t i o n a l  e x p e d i e n t s  w h i c h  a r e  l i t t l e  r e l a t e d  t o  t h e  
f u n d a m e n t a l  p r o b l e m s .  
A s  f a r  a s  t h e  i n t r o d u c t i o n  o f  o b l i q u e  c o o r d i n a t e s  i s  
c o n c e r n e d ,  t h e r e  c a n  b e  n o  d o u b t  t h a t  t h e y  a r e  i n  t h e  f i r s t  
p l a c e  s u g g e s t e d  b y  t h e  s p e c i a l  n a t u r e  o f  s w e p t  w i n g s ,  a n d  t h a t  
a n y  o b j e c t i o n s  t o  t h e i r  u s e  w i l l  a r i s e  f r o m  t h e  f a c t  t h a t  t h e y  
h a v e  n o t  b e e n  u s e d  b e f o r e .  	
W . S .  H e m p  ( 4 , 5 )  h a s  d e v e l o p e d  a n  
e l a s t i c  t h e o r y  o f  s t r u c t u r e s  c o n s i s t i n g  o f  s p a r s ,  r i b s  a n d  
s t r e s s e d  s k i n s  w h i c h  u s e s  o b l i q u e  c o o r d i n a t e s ,  a n d  w h i c h  i s  
v e r y  w e l l  s u i t e d  f o r  a p p l i c a t i o n  t o  p r o b l e m s  o f  t h e  t y p e  
c o n s i d e r e d  h e r e .  	 I t  w i l l  b e  s h o w n  t h a t  t h e  u s e  o f  o b l i q u e  
c o o r d i n a t e s  f o r  t h e  w i n g s  d o e s  n o t  i n t r o d u c e  g r e a t  
c o m p l i c a t i o n s ,  a n d  t h a t  i t  e l i m i n a t e s  t h e  n e c e s s i t y  o f  
d i s t i n g u i s h i n g  b e t w e e n  s w e p t  a n d  s t r a i g h t  w i n g s ,  t h e  l a t t e r  
s i m p l y  b e i n g  a  s p e c i a l  c a s e  o f  t h e  f o r m e r .  
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In Ref.6 a comparison has been made between the theoretical 
and experimental influence functions, indicating that the 
agreement will be quite satisfactory. 	 Hence the present acre- 
elastic theory can already be applied at the design stage. 
The remaining part of this section outlines the most 
important assumptions underlying the theory of this Report, 
and it will be seen that they fully agree with those 
customarily made. 
	
Section 2 gives a detailed discussion of 
the choice of coordinate axes and the basic notation referring 
to these axes. 	 The following three sections are concerned 
with the deduction of expressions for the potential and 
kinetic energies and for the external forces. 	 Section 6 
gives the equations of motion for the three groups of problems 
stated above* 	 Section 7 indicates possible ways of solving 
the equations of motion, and it will be seen that most methods 
of solution used hitherto in work of this kind are applicable. 
1.2 Assumptions  
A complete statement of all assumptions in the case of 
work as complex as the present offers great difficulties. 
Dynamic aero-elasticity, as its title suggests, draws on 
results and methods of the following three well defined 
branches of mathematical physics:- 
1) General Dynamics 
2) Aerodynamics 
3) Elasticity 
so that such a summary of assumptions would be widely spread, 
and demand very thorough knowledge of three large subjects, 
although it may be said that only certain special parts of 
some of these subjects are relevant to aero-elastic work. 
For this reason when giving a list of assumptions for the 
composite subject of aero-elasticity, those customarily made 
in the component subjects will not be stated in detail. 
These assumptions will be grouped under the three 
headings given above: 
1) Dynamics 1AI The theory of small vibrations is applicable. 
1A2 The quantities depending on the mass 
distribution of the aircraft as a whole 
do not vary as a result of deformation. 
1A3 Rotations of the aircraft as a whole are small 
IA4 Structural damping is neglected. (Introduction 
of a dissipation function could be easily 
effected. 	 See section 5). 
1A5 The effect of gravity is neglected. 
IA6 The potential energy of the deformed 
aircraft is satisfactorily given by the 
strain energy (see elasticity). 
/ 1A7 
1 A 7  T h e  m a s s  d i s t r i b u t i o n  i s  a d e q u a t e l y  
d e s c r i b e d  b y  p i e c e w i s e  c o n t i n u o u s  
f u n c t i o n s  o f  t h e  c o o r d i n a t e s  a l o n g  
t h e  s p a n  a n d  t h e  f u s e l a g e .  
1 A 8  T h e  f u s e l a g e  a n d  t h e  w i n g s  a r e  r i g i d l y  
c o n n e c t e d  a n d  n o  i n t e r n a l  v i b r a t i o n s  
i n  t h e  d i r e c t i o n  o f  f l i g h t  o c c u r .  
1 A 9  T h e  m a s s  o f  
t h e  t a i l  u n i t  i s  i n c l u d e d  
w i t h  t h a t  o f  t h e  f u s e l a g e .  
2 )  
A e r o d y n a m i c s  2 A I  T h e  r e s u l t s  o f  l i n e a r  t w o - d i m e n s i o n a l  
u n s t e a d y  a e r o f o i l  t h e o r y  a r e  a p p l i c a b l e  
i n  c o n n e c t i o n  w i t h  
a  w e i g h t  f u n c t i o n  
w h i c h  i s  b a s e d  o n  t h e  s t e a d y  s t a t e  s p a n  
w i s e  d i s t r i b u t i o n  o f  l i f t - s l o p e  f o r  
f i n i t e  w i n g s .  
2 A 2  T h e  f o r w a r d  s p e e d  o f  t h e  a i r c r a f t  i s  
c o n s t a n t  a n d  n o  y a w i n g  t a k e s  p l a c e .  
2 A 3  T h e  g u s t s  a r e  a s s u m e d  t o  b e  
u n i f o r m  
a c r o s s  t h e  s p a n  o f  t h e  w i n g s .  
2 A 4  T h e  f u s e l a g e  d o e s  n o t  c o n t r i b u t e  t o  t h e  
l i f t  a n d  t h e  w i n g s  f o r m  a  
l i f t i n g  
s u r f a c e  e x t e n d i n g  f r o m  t i p  t o  t i p .  
2 A 5  A e r o d y n a m i c  t e r m s  d u e  t o  t h e  t a i l  p l a n e  
h a v e  b e e n  o m i t t e d .  ( T h e y  c a n  h o w e v e r  
e a s i l y  b e  a d d e d  p r o v i d e d  d u e  
c o n s i d e r a t i o n  c a n  b e  g i v e n  t o  2 2 1 1 ) .  
2 A 6  T h e  e f f e c t  o f  a i l e r o n s
r  f l a p s ,  e t c .  h a s  
b e e n  n e g l e c t e d .  ( O b v i o u s l y  
c o n s i d e r a t i o n  o f  t h e s e  e f f e c t s  
i n t r o d u c e s  f u r t h e r  c o m p l i c a t i o n s  w h i c h  
d o  n o t  i n v o l v e  n e w  p r i n c i p l e s . )  
2 A 7  T h e  f o r w a r d  s p e e d  o f  t h e  a i r c r a f t  i s  s u c h  
t h a t  t h e  w i n g  l e a d i n g  e d g e s  a r e  
" s u b s o n i c " .  
2 A 8  T h e  r e f e r e n c e  p o i n t s  f o r  t h e  m o m e n t s  
l i e  o n  t h e  t h e o r e t i c a l  a x i s  0 y 1  o f  t h e  
w i n g .  ( I n  
t h e  w o r k  h e r e  t h e  a x i s  h a s  
b e e n  a s s u m e d  a l o n g  t h e  m i d  c h o r d  l i n e . )  
3 )  
E l a s t i c i t y  	 3 1 1  T h e  r e s u l t s  o f  t h e  t h e o r y  o f  R e f s .  
L .  
a n d  
5  a r e  a p p l i c a b l e  t o  t h e  w i n g  
s t r u c t u r e .  
3 A 2  
S i m p l e  b e a m  t h e o r y  i s  a p p l i c a b l e  t o  
t h e  f u s e l a g e .  
/  2  
6 0 0 0 0 0 0  
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2. COORDINATE SYSTEMS AND NOTATION  
Because of the proposed use of oblique coordinates ; 
 two coordinate systems will be required as far as the wings 
are concerned. 
	 In this way it becomes unnecessary to 
introduce from the start assumptions restricting the 
permissible type of deformation of the wings. 
	 An alternative 
approach would have been to deal only with one half of the 
aircraft and to consider separately symmetric and anti-symmetric 
deformations as has been done for example in Refs. 1 and 2. 
In order to obtain the most general equations of 
motion ; body motion has to be taken into account. Hence two 
further orthogonal coordinate systems will be required, one 
of which will be fixed in space and the other at a suitable 
reference point in the aircraft. 
	 The latter will be placed 
at the intersection of the wing axes, and will also be used to 
describe the deformations of the fuselage. 
Thus use will be made of the following coordinate 
systems:- 
i) 0ox0Yozo9 an orthogonal rectilinear right-handed system 
fixed in space to which the translatory motion of the 
refererce point 0 1 of the aircraft will be referred by 
the displacement vector (U, V o VI), the components of 
which are functions of the time t. 
ii) 01x1y1z1' an orthogonal rectilinear right-handed system 
with its axes fixed in the aircraft to which the angular 
motion of the aircraft will be referred by the angular 
displacement vector (p 9 Q, R), the components of which 
are functions of the time t. 
iii) 01x1y1sz12 an oblique rectilinear right-handed system 
to which the "internal" motion of the starboard wing 
about a mean position will be referred by the 
displacement vector (us , vs , - w,) ; the components of 
which are functions of x 1'  y1 s, z 1 9 t. 
iv) 01x1y1pz 1" an oblique 
which the "internal" 
a mean position will 
vector (u5  p V5 9 Ws  )9 
functions of x1 " y11) 
rectilinear left-handed system to 
motion of the portside wing about 
be referred by the displacement 
the components of which are 
Z 1 9 t, 
 
These systems are shown in Fig.1 in which are also indicated 
the positive directions of rotation about the "internal" axes 
of the aircraft which are given by the vectors (p 5 9  q s 9 0 ) 
and pp 9 qpp  0) respectively. 	 These directions of rotation 
are in agreement with the convention for rectilinear systems 
by which cyclic clockwise or anticlockwise rotation gives the 
positive directions for right or left handed systems 
respectively. 
/ Compatibility 	 • 0 0 0 • 
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C o m p a t i b i l i t y  o f  t h e  c o o r d i n a t e  s y s t e m s  i s  o b v i o u s l y  
i n s u r e d ,  a n d  i t  i s  e a s i l y  s e e n  t h a t  a l l  i n t e r n a l  
d i s p l a c e m e n t s  a n d  t h e i r  f i r s t  d e r i v a t i v e s  w i l l  b e  z e r o  a t  t h e  
r e f e r e n c e  p o i n t  0
1 .  	
F u r t h e r ,  i t  i s  s e e n  f r o m  F i g . 1  t h a t  i f  
p
s  o 5  
 a n d  
p p p  q
p  
 a r e  e q u a l  i n  m a g n i t u d e  a n d  h a v e  e q u a l  o r  
o p p o s i t e  s i g n s ,  t h e  c o r r e s p o n d i n g  d i s p l a c e m e n t s  w i l l  b e  
s y m m e t r i c  o r  a n t i - s y m m e t r i c  r e s p e c t i v e l y .  	
T h r o u g h o u t  m o s t  o f  
t h e  w o r k  o f  t h i s  R e p o r t  t h e r e  w i l l  b e  n o  n e e d  t o  d i s t i n g u i s h  
b e t w e e n  t h e  s t a r b o a r d  a n d  p o r t s i d e  w i n g s ,  s o  t h a t  t h e  
s u b s c r i p t s  s ,  p  c a n  b e  o m i t t e d .  
A s  m e n t i o n e d  e a r l i e r  i n  t h i s  s e c t i o n ,  t h e  s y s t e m  ( i i )  
m a y  a l s o  s e r v e  a s  r e f e r e n c e  s y s t e m  f o r  d e f o r m a t i o n s  o f  t h e  
f u s e l a g e  a n d  t a i l  u n i t ,  p r o v i d e d  t h e  l a t t e r  d o e s  n o t  i n v o l v e  
s w e p t  
t  4 . 1  p l a n e s .  
	
H o w e v e r ,  i n  t h e  p r e . J . n t  R e p o r t  o n l y  t h e  
f u s e l a g e  q i l l  b e  t a k e n  ; a t e  a c c o u n t  i n  c i d e r  t o  i l l u s t r a t e  t h e  
i n c l u s i o n  o f  s u c h  a d d i t i o n a l  c o m p o n e n t s  i n  t h e  a n a l y s i s ,  a n d  
a l l  q u a n t i t i e s  r e f e r r i n g  t o  t h e  f u s e l a g e  w i l l  h a v e  t h e  s u b s c r i p t  
f .  
3 .  K I N E T I C  E N E R G Y  
U s i n g  t h e  n o t a t i o n  o f  s e c t i o n  2 ,  t h e  v e l o c i t y  o f  a  p o i n t  
o f  t h e  a i r c r a f t  i s  g i v e n  b y  
1 7 7 )  +  ( P p  
Q ,  
k )  X  ( X
1 ,  Y
1 ,  
z
1  	
+  
( t i ,  
; I p w
)  
- - - -  ( 3 . 1 )  
w h e r e  i t  s h o u l d  b e  r e m e m b e r e d  t h a t  e a c h  o f  t h e  v e c t o r s  i s  
r e f e r r e d o t o e
a  d i f f e r e n t  c o o r d i n a t e  s y s t e m ;  i n  p a r t i c u l a r  t h e  
v e c t o r  ( u ,  v ,  w )  i s  r e f e r r e d  t o  o n e  o f  t h e  o b l i q u e  c o o r d i n a t e  
s y s t e m s  w h e n e v e r  t h e  w i n g s  a r e  b e i n g  c o n s i d e r e d  a n d ,  f u r t h e r ,  
n o t i c e  m u s t  b e  t a k e n  o f  t h e  f a c t  t h a t  t h e  f o r w a r d  c o m p o n e n t  
o f  t h e  t r a n s l a t o r y  b o d y  m o t i o n  i s  l a r g e .  	
T h e  k i n e t i c  e n e r g y  
o f  t h e  a i r c r a f t  w i l l  i n v o l v e  t h e  s c a l a r  p r o d u c t  o f  t h i s  v e c t o r  
w i t h  i t s e l f ,  a n d  i t  i s  m o s t  e a s i l y  d e t e r m i n e d  i n  f o u r  s t e p s .  
T h e  f i r s t  o f  t h e s e  r e q u i r e s  t h e  s q u a r e  
o f  t h e  v e c t o r  
i n  c u r l y  b r a c k e t s .  
	
A s  i n  t h e  l a t e r  s t e p s ,  m u l t i p l y i n g  t h i s  
( x i  
 9
Y 1  
9  Z  
2  	
1  
s q u a r e  b y  	
'  
,  
t h e  l o c a l  m a s s  d e n s i t y ,  a n d  
i n t e g r a t i n g  o v e r  a l l  p o i n t s  o f  t h e  a i r c r a f t ,  o n e  f i n d s ,  u s i n g  
1 A 2 ,  t h e  k i n e t i c  e n e r g y  o f  t h e  a i r c r a f t  c o n s i d e r e d  a s  a  r i g i d  
b o d y ;  
0 , ,  	
V  
 2  . , • , 2  • , 2 (  A X 4 , 2  
	 a  
_  
t 2  	
I t  
T  =  2  	 +  	
+  
2  t r  	
x  	 2 E L - d  	 2 F Q R  
	 2 G 16 4 )  
+  	
f r y e T )  +  ( (e   ) , ( 2 j 1  -  " T t
i l : - 1
)  +  R ( f.
c j  -  
5 J R ( E
1
P  
	
+  0 , ( 7
1 P  
	
- - - -  ( 3
. 2 )  
w h e r e  h i g h e r  o r d e r  t e r m s  h a v e  b e e n  n e g l e c t e d .  
/  A l t h o u g h  . . . . .  
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Although several of the constants above will be zero in most 
practical cases, they will be retained here in order to ensure 
that the final equations of motion are as general as possible. 
Next consider the kinetic energy of the wings vibrating 
when the aircraft is in steady motion (or at rest). 
	 In 
Ref.3 the kinetic energy of a swept box has been deduced using 
oblique coordinates* 	 For application to the present problem, 
the work of Ref. 3 requires some minor modifications which 
are necessitated by the use of different coordinate systems 
and notation. 
	 The system used in Refs. 3-5 is shown in 
Fig.2. 	 The system (iii) of section 2 is obtained from it 
by an interchange of the parts played by the axes Ox and 0y 9 
and by incret&ng the angle a of Fig.2 beyond 7c/2. 	 It will 
be seen from the first part of Rof.4 that the general work 
done there on kinematics in oblique coordinates is still 
applicable. 	 With the sign convention of section 2 it is 
obviously unnecessary to distinguish between starboard and 
portside wings. 
Comparing Figs. 1 and 2, it is seen that the a of 
Refs. 3 and 4 has now to be replaced by 7t - a. Making the 
appropriate changes in notation in equation (9) of Ref. 4 9 
 the displacements of a point P(x1 , y1,  z 1 ) are given by 
= Z1 ^ p cota + q cosec a 
v = - 	 p coseca - q cota 	
---- (3.3) 
w = 	 + 0 - q x1 sina 
where p, q, 	 and 0 will now be assumed to be functions of 
y1 and t only. 	 The corresponding velocity components are 
c 
- p cota. + q cosec a )- 
= -z 1 
	
coseca - q cot 	 ---- (3. 4) 
w 
	 (1) + 0 - qx 1 sina 
Since this velocity vector is referred to an oblique 
coordinate system (e.g. (iii) of section 2), the square of 
this vector is given by 
.a2 + w2- 2uv .. 	 .cosa = z21 Cp.2- 2p'' cali cos a + q. 	 + 	 q2  sin2  a 
- 2x1 	 + 	 .sina + 	 + f7i 2 
	
---- (3.5) 
/ Multiplying 
T  
	
a n d  i n t e g r a t i n g  w i t h  r e g a r d  
p ( x 1 9 3
1 9 z 1 )  
M u l t i p l y i n g  ( 3 0 5 )  b y  
	
2  
t o  x
1  
a n d  z i  
o v e r  a  w i n g  s e c t i o n  y i  
=  c o n s t .  o n e  f i n d s  t h e  
k i n e t i c  e n e r g y  d T 2  
o f  a  w i n g  e l e m e n t :  
d T 2  
 =  1  
C I  
( ,  
	
2 M  c o c a  
	 l e )  	 -  / 7  . . 2  s i
n g  
 2  	 2  	
X Y 1 / "  
	
a  
2 m ( y 1 ) 1 ( y
l ) q ( ! 5  +  : 0 )  s i n e  +  m ( y 1 ) (  +  : 6 ) 2 i  d y
i  - -  ( 3 . 6 )  
U s i n g  ( 3 . 6 )  t h e  r e q u i r e d  k i n e t i c  e n e r g y  o f  t h e  w i n g s  b e c o m e s  
T 2  
=  j  ( d T
2 s  +  d T
2 p )  	
- -  ( 3 . 7 )  
0  
w h e r e  t h e  s u b s c r i p t s  i n d i c a t e  t h a t  i n  ( 3 0 6 )  y
1  
i s  t o  b e  
r e p l a c e d  b y  y  l s  o r  y l p  r e s p e c t i v e l y .  	 I n  t h e  s e q u e l  i t  w i l l  
o f t e n  b e  c o n v e n i e n t  t o  w r i t e  i n t e g r a l s  o f  t h e  t y p e  ( 3 . 7 )  
i n  t h e  f o l l o w i n g  m a n n e r  
T
2  
=  d T  
j  	 2  
0  
- -  ( 3 . 7 ' )  
w h e r e  i t  w i l l  b e  a s s u m e d  t h a t  t h e  i n t e g r a l  e x t e n d s  o v e r  b o t h  
w i n g s .  
N e x t  c o n s i d e r  t h e  f u s e l a g e  v i b r a t i n g  u n d e r  t h e  s a m e  
c o n d i t i o n s  a s  t h e  w i n g s  a b o v e .  
	 U s i n g  1 A 8  t h e  r e l e v a n t  
k i n e t i c  e n e r g y  i s : -  
p 2  
	
N / 0 2  	 w 2  	 N o  •  
T
3  -  
-  	
( x  A w  +  v  +  2 Y
1 1 , x l ) w
f p f  
-  2 1 f ( x i ) M f )
f  
+  J  	
( x  )  
P 2  
x
1
f  1  	
f  
d x 1  
- -  ( 3 . 8 )  
F i n a l l y  t h e  c o n t r i b u t i o n s  t o  t h e  t o t a l  k i n e t i c  e n e r g y  
a r i s i n g  f r o m  a r b i t r a r y  m o t i o n  o f  t h e  r e f e r e n c e  p o i n t  o f  t h e  
a i r c r a f t  w i l l  b e  d e d u c e d .  
	
I n  t h e  c a s e  w h e n  n o r m a l  
c o o r d i n a t e s  a r e  b e i n g  u s e d
9  
s u c h  c o n t r i b u t i o n s  w i l l  n o t  o c c u r  
b u t  i t  i s  e a s i l y  s e e n  t h a t  t h e  v a r i a b l e s  p
9  
q  a r e  n o t  s u c h  
c o o r d i n a t e s  a n d  t h a t  t h e  i n t r o d u c t i o n  o f  n o r m a l  c o o r d i n a t e s  
i n  t e r m s  o f  t h e s e  v a r i a b l e s  w o u l d  b e  d i f f i c u l t .  
F i r s t  c o n s i d e r  t h e  c o n t r i b u t i o n  c o m i n g  f r o m  t h e  w i n g s .  
U s i n g  1 A 3  i t  m a y  b e  a s s u m e d  t h a t  t h e  a x e s  0
0 x 0 Y
0
z
0  a n d  
0 1 x
1
Y
1
z
1  
f o r  t h e  p u r p o s e  o f  t h e  p r e s e n t  c a l c u l a t i o n  a r e  
p a r a l l e l .  
	
T h e  r e l e v a n t  c r o s s  t e r m  i n  t h e  s q u a r e  o f  t h e  
v e l o c i t y  v e c t o r  ( 3 . 1 )  i s  t h e n :  
/  2 . 0 . 0 . 0 . 0  
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r 
 2 1 U 	
, 	
▪ 	
, 	 •  p_,(  . • a.)u-vcos ÷U
o
( Q.*-Riisina) +Vvsina+Vm+ 
where use has been made of the formula 
P 	 Q 	 •R 
x1 --y 1 cosy yi sina z i 
 cosa v sina tvj 
--- (3.9) 
= -I cosa 	 j i sin m 	 --- (3.10) 
expressing' the oblique unit vector j in terms of the 
orthogonal unit vectors i and j i (see Fig.3). 
Substituting for 11 9 '1T , 17/ from (3.4), multiplying by 
V (x1 ' y1' 7' 1 ) and integrating as before when deducing 
2 
(3.6) one finds: 
f— 0. 	 — 0 	 . 0 • „ t 0 — . 	 . • 
cla l.=
I 
miz, uqsina +z i ( qcosa—p) (v—uoR)+ (o+Ø—xi qsin a) (W+U t. 	 ' 
• • c 	 41,. a _ a 	 a a 
	
1 
+ P r  37., MSilla (q+0-x1 qsina)-1. I
xl 
(p—cicos c0c 
J 
0 j 
+ 
	
mil yl qsinacosa+ J
371 
q sina—m(71 -y 1 COS a) (4+0) / 
( 	
.1 
R tMYJ1 1.3"Sa+ (I XI Z i "Sa-MY11 )71-I X1 Z il aYi 
And hence the required kinetic energy 
- 
= dT 
Towj 4 
--- 
(3.11) 
- -- (3.12) 
Corresponding to (3.9) the cross term for the fuselage is 
2k-Rk)(Y z 1 ff)+644) 
17, 
x 	 Y1 	 z 1 
0of z 	 Y f 1 	 f f 1 
j 
   
   
- - (3.13) 
and its contribution to the kinetic energy: 
T4f 
1 3  
2  
r t "  
T 4 f  =  	 1 ° - R U o )  ( v   f -  	
l a pe  f ) +  	 ( ; f +  	 f l p r ) , 1  
0 ` •  
+ P
+  J  
f w f Y  
	
m  
1 f  	
f r i t " '  x
1
f P f ;  
C m f x 1 w
f  	 m f x l  i 1  f  P  f  
O f  	
0  
+  R  m
t  f  
 v  _ x
1  
 .  -  m
f
x 1  z i  
 f  p f  
- - -  ( 3 .
1 4 )  
T h e  t o t a l  k i n e t i c  e n e r g y  o f  t h e  a i r c r a f t  i s  t h u s  g i v e n  b y :  
T  =  T
I  
+  T 2  
+  T 3  +  T 4 w  T 4 f  	
- - -  ( 3 . 1 5 )  
u s i n g  ( 3 . 2 ) ,  ( 3 . 7 ) ,  ( 3 . 8 ) ,  ( 3 . 1 2 )  a n d  ( 3 . 1 4 )  
4 .  
P O T E N T I A L  E N E R G Y   
T h e  p o t e n t i a l  e n e r g y  o f  t h e  
d e f o r m e d  a i r c r a f t ,  u s i n g  
1 A 5  a n d  1 A 6  c o n s i s t s  o f  t w o  p a r t s :  
i )  U f  
t h e  s t r a i n  e n e r g y  o f  t h e  f u s e l a g e  
i i )  U
w  
t h e  
s t r a i n  
e n e r g y  o f  t h e  w i n g s  
B y  3 A 2  t h e  f i r s t  o f  t h e s e  i s  g i v e n  b y  
i l ,  
1 2
1  
I t  
	
1  : ;  	
. -  	
” 2  	
2 . 1  
U
f  =  
- 2 .
j i
E
f
I
Y  f  
w
f  
+  2 1
y  z  f
q  v i l ,  +  T z  v ; .  
s +  c f p f  j  	 l   d a  
	
L  	
1  	 1  1  	
1  
4 1  
- - -  ( 4 . 1 )  
T h e  s t r a i n  e n e r g y  o f  t h e  w i n g s  m a y  b e  o b t a i n e d  i n  a  
m a n n e r  s i m i l a r  t o  t h a t  a d o p t e d  i n  R e f . 3 ;  h o w e v e r  t h e  s h e a r  
e n e r g y  w i l l  n o t  b e  i n c l u d e d  a n d  u s e  w i l l  b u  m a d e  o f  f o r m u l a e ,  
a n a l o g o u s  t o  t h o s e  g i v e n  i n  R e f . . ,  w h i c h  h a v e  l a t e l y  b e e n  
d e v e l o p e d  f o r  t h e  c a s e  o f  a  u n i f o r m  t w o - c e l l  s w e p t  b o x  ( R e f . 5 ) .  
B y  a s s u m i n g  
t h e  i n f l u e n c e  c o e f f i c i e n t s  g i v e n  t h e r e  t o  v a r y  
a l o n g  t h e  a x i s  O y
l ,  t h e  t h e o r y  o f  R e f .  
5  m a y  b e  e x t e n d e d  t o  
n o n - u n i f o r m  s t r u c t u r e s  b y  t h e  s a m e  r e a s o n i n g  u s e d  i n  t h e  
s i m i l a r  e x t e n s i o n  o f  
s i m p l e  b e a m  t h e o r y .  ( F o r  e x p e r i m e n t a l  
e v i d e n c e  s e e  R e f .  6 )  
/  I n  o r d e r  
	  
= 
	 [sina 
	 dy 	 dy 	 dYi 2 	 1 
m 
	 Z 	 aYi 
1 
- -- (4. 4) 
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In order to illustrate the modifications required by the 
introduction of the oblique systems of section 2, Fig.3 shows 
the system referring to the starboard wing together with the 
auxiliary axes used in refs. 4 and 5. 	 With the unit vectors 
of Fig.3, the moment and force acting at a wing section may 
be written: 
L1 i 1 + M1 j 1 9 	 Zk 	 --- (4.2) 
To this load system corresponcf the displacement vectors 
dpi + dqj 
- -- (4.3) 
so that the strain energy is given by 
1 	 . 
 dU = 7 [1 Li 11 	 1 m. 1  . f sdpi + dqj ; + Zddk2  
since by Fig.3 
i 1 a 	 = j l 	 j = sin , k • k = 1 p 	 j = 	 = C (Lte 5 ) 
But by the theory of Ref.5, after appropriate changes in 
the notation, 
1 - C11 
	 0 012 013 
clY 
IL _ 
- -coseca 
d2  
c17 1 2 dy1 
--- (4.6) 
021 C22 0 
33 o 31 
where physical considerations will easily verify that the 
Cij play the same parts as in Ref.5. Solving (4.6) for 119  
M1 and Z one finds 
dy 1 
dO 
dy1 
   
= 	 ( L 
--- (4.7) 
  
   
   
/ where *see 
-  1 5  -  
w h e r e  
r ° 1  1
=  0 1 1 0
3 3  -  0 1 3
0 3 1  P  °  
	
- C 2 i  C 3 3  
9  r o  1  
j  3 =  0 2 1  0 1 3  
r °
f  
2 1  y  
	
C
3 3  
r c r
- ; )  
C  C  
	
=  - C  
2 2  3 2 ,  
2  -  - 2 3  
	 - 0 2 2 0 1 3  
9  
t
n .  	
=  
' 3 1  	
0 1 2 0
3 1  
a n d  
f 3 2  =  -
0 2 2 0 3 1  
9  
•  .
3 3  =  
C
1 1
C
2 2  
- 0
1 2
0
2 1  
-  ( 4 8
)  
=  
-  
C 2  )  	 C 2 2 0
1 3 0 3 1  
j  	 =  C 3 3 ( C 1 1 C 2 2  	
1 2  
- - -  
( 4 . 9 )  
S u b s t i t u t i n g  f r o m  ( 4 . 7 )  i n  
( 4 . 4 )  
g i v e s  t h e  s t r a i n  e n e r g y  
s t o r e d  a t  a  s t a t i o n  y i  
1  
d U  =  7  
1 2  	 p ,  
s i n a l q 1  
P  	 ( ' 1 2  	 1 -
2 1 ) P q i  
   
+  	
s i n g .  
+  	
4 .  ( 7 ' 2 3  
s i n e  
+  
t 3 2
)  
q ' O ' i  
d Y 1
1 3  
( 4 . 1 0 )  
a n d  h e n c e  t h e  t o t a l  p o t e n t i a l  e n e r g y  o f  t h e  w i n g s  
U
w  
=  	
d U  
	
- - -  ( 4 . 1 1 )  
B y  ( 4 . 1 )  a n d  ( 4 . 1 1 )  t h e  t o t a l  p o t e n t i a l  e n e r g y  o f  t h e  
a i r c r a f t  i s  
U  =  U
f  
+  
	
- - -  ( 4 .
1 2
)  
/  	
5  
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5. NON-CONSERVATTVE FORCES 
5.1 General Remarks  
In the Introduction the dynamic problems of aero-elasticity 
have been divided into three groups which differ from each 
other by the character of the external forces acting on the 
aircraft. 	 It ic also indicated there that these problems 
will be studied under the two headings of free and forced 
vibrations, and it becomes the object of this section to 
write down expressions for the impressed forces in the different 
cases. 
However, before turning the attention to the external 
forces, there is one other feat , 7!,e which is common to all the 
dynamic problems of aero-elasticity, i.e. elastic dissipation 
or structural damping. Although by 1A4 this phenomenon will 
be neglected, it will be worthwhile to give it some consideration 
here. 	 In most applied problems the existence of a dissipation 
function is assumed, nevertheless this discussion has been 
intentionally included in this section which deals with non-
conservative forces, because the real mechanism of structural 
damping has not yet been satisfactorily explained. 	 Thus the 
use of a dissipation function is mainly justified by the 
convenience it offers. 	 In actual problems the coefficients 
of such a function are subject to estimates based on experience 
and, if possible, experiments, and in general their values are 
unreliable, since they even tend to vary among aircraft of the 
same type. 	 The use of oblique coordinates therefore does 
not in any way affect the general position, and a dissipation 
function may be defined in exactly the same way as it is done 
in other work. 
5.2 Vibrations in Vacuo and Still Air 
It is customary to refwto vibrations taking place in the 
absence of external forces as still air vibrations. 
	 However, 
this terminology is not quite correct, and it has been 
realised for some time that the effect of still air damping 
may be quite important. For example, when performing 
fatigue tests (Ref.7) of wings by exciting them at one of their 
natural frequencies, knowledge of the amount of energy 
absorbed by this type of damping would offer the possibility 
of estimating the energy absorbed by the wing structure during 
the tests. Knowledge of the latter quantity in its turn would 
not only help in the study of fatigue but also provide a more 
rational approach to the problem of structural damping. 
However, to the author's knowledge, no theoretical or 
experimental evidence on still air damping is at present 
available, and for this reason its effect will not be studied 
here. 
/ 5.3 
-  1 7  -  
5 . 3  F l u t t e r  a n d  D y n a m i c  S t a b i l i t y   
I n  R e f r e
,  
a  s t r o n g  c a s e  h a s  b e e n  m a d e  f o r  t h e  u s e  o f  
u n s t e a d y  d e r i v a t i v e s  i n  p r o b l e m s  o f  d y n a m i c  s t a b i l i t y ,  s i n c e  
t h e  u s e  o f  q u a s i - s t a t i c  d e r i v a t i v e s  w h i c h  a r e  i n d e p e n d e n t  o f  
t h e  f r e q u e n c y  o f  o s c i l l a t i o n  i s  n o  l o n g e r  j u s t i f i a b l e .  
	 O n c e  
t h i s  p o i n t  o f  v i e w  h a s  b e e n  a c c e p t e d  i t  i s  o b v i o u s  t h a t  t h e  
e q u a t i o n s  o f  m o t i o n  f o r  t h e  t w o  h i t h e r t o  s e p a r a t e  p r o b l e m s  
b e c o m e  i d e n t i c a l .  
	 H o w e v e r  s i n c e  t h e  f r e q u e n c y  o f  o s c i l l a t i o n  
i n  s t a b i l i t y  p r o b l e m s  i s  u s u a l l y  v e r y  l o w ,  i t  w i l l  b e  p o s s i b l e  
t o  u s e  v a l u e s  o f  t h e  d e r i v a t i v e s  o b t a i n e d  f r o m  t h e  s i m p l e  
a p p r o x i m a t e  f o r m u l a e  o f  R e f . 9  w h i c h  d e a l s  w i t h  t h e  p r o b l e m  
o f  a  t w o - d i m e n s i o n a l  a e r o f o i l  o s c i l l a t i n g  s l o w l y  i n  a  s u b s o n i c  
a i r  s t r e a m .  	 F o r  t h e  p r o b l e m  o f  f l u t t e r  m o s t l y  t h e  e x a c t  
d e r i v a t i v e s  o f  R e f 0 1 2  w i l l  h a v e  t o  b e  u s e d  s i n c e  t h e  f r e q u e n c y  
w i l l  b e  t o o  h i g h .  
A p a r t  f r o m  t h e  l i n k  d u e  t o  t h e  u s e  o f  c o m m o n  d e r i v a t i v e s ,  
t h e r e  i s  a l s o  a  p h y s i c a l  r e a s o n  f o r  w h i c h  t h e  p r o b l e m s  o f  
s t a b i l i t y  a n d  f l u t t e r  s h o u l d  n o  l o n g e r  b e  t r e a t e d  s e p a r a t e l y .  
B e c a u s e  o f  t h e  p r e s e n c e  o f  s w e p t  w i n g s ,  n e w  t y p e s  o f  f l u t t e r  
h a v e  a r i s e n  w h i c h  b y  f o r m e r  s t a n d a r d s  w o u l d  h a v e  b e e n  c o n s i d e r e d  
t o  b e l o n g  t o  t h e  d o m a i n  o f  s t a b i l i t y  w o r k ,  i . e .  p h e n o m e n a  
i n v o l v i n g  b o d y  m o t i o n .  
	
T h u s  t h e  o n l y  d i s t i n c t i o n  b e t w e e n  
t h e  t w o  p r o b l e m s  r e m a i n s  t h e  f a c t  t h a t  u s u a l l y  t h e  r e s i l i e n c e  
o f  t h e  a i r c r a f t  i s  n e g l e c t e d  i n  s t a b i l i t y  w o r k  w h i l e  i t  i s  
e s s e n t i a l  t o  f l u t t e r ,  b u t  e v e n  t h i s  d i f f e r e n c e  n o  l o n g e r  h o l d s  
e n t i r e l y .  
T h e  u s e  o f  d i f f e r e n t  n o t a t i o n s  i n  s t a b i l i t y  a n d  f l u t t e r  
w o r k  s o  f a r  h a s  b e e n  t h e  s t r o n g e s t  i m p e d i m e n t  t o  t h e  u n i o n  o f  
t h e s e  t w o  s u b j e c t s .  
	
T h i s  p o i n t  w a s  r a i s e d  s t r o n g l y  d u r i n g  t h e  
A n g l o - A m e r i c a n  A e r o n a u t i c a l  C o n f e r e n c e  i n  1 9 5 1  o n l y  t o  d r a w  
t h e  c o m m e n t  t h a t  a p a r t  f r o m  n o t a t i o n a l  c o n f l i c t  b e t w e e n  s u b j e c t s  
t h e r e  w a s  a l s o  o n e  b e t w e e n  c o u n t r i e s  s u c h  a s  E n g l a n d  a n d  t h e  
U . S . A .  
	
I n  p a r t i c u l a r
:  
t h e r e  e x i s t s  a  g r e a t  d i v e r s i t y  i n  
n o t a t i o n  a n d  p r e s e n t a t i o n  o f  f l u t t e r  d e r i v a t i v e s a  B e c a u s e  
R e f s . 9  a n d  1 2  c o n t a i n  a l l  t h e  n e c e s s a r y  n u m e r i c a l  d a t a ,  w h i c h  
w o u l d  b e  r e q u i r e d  i n  a p p l i c a t i o n s  o f  t h e  p r e s e n t  w o r k ,  a n d  
b e c a u s e  t l . e  n o t a t i o n  u s e d  i n  t h e s e  r e p o r t s  i s  t h e  s i m p l e s t  
p o s s i b l e ,  i t  w i l l  b e  a d o p t e d  i n  t h i s  r e p o r t .  
	
T h i s  n o t a t i o n  
h a s  b e e n  i n  u s e  f o r  m a n y  y e a r s  i n  H o l l a n d  a s  w e l l  a s  G e r m a n y ,  
a n d  i t  c a n  e a s i l y  b e  s h o w n  t h a t  i n  a  d i s g u i s e d  m a n n e r  i t  h a s  
a l s o  b e e n  a p p l i e d  e l s e w h e r e ,  
A f t e r  t h i s  i n t r o d u c t i o n  c o n s i d e r  t h e  t h i n  a e r o f o i l  
s h o w n  i n  F i g .  4 .  	
L e t  t h e  t r a n s l a t o r y  d i s p l a c e m e n t  o f  t h e  h a l f -  
c h o r d  p o i n t  
A  
c  
e  
 i v t  
2  
- -  (
5 .
3 . 1 )  
a n d  i t s  r o t a t i o n a l  d i s p l a c e m e n t  ( n o s e  u p )  a b o u t  t h a t  p o i n t  
e  =  B  e
i v t  	
- -  ( 5 . 3 . 2 )  
/  t h e n  
- 18 - 
then the corresponding aerodynamic forces on a unit strip of 
the infinite aerofoil are given by 
liffi 	 c  = 27tp v2 ei vt [Aka + Bkb 
2 
moment = 27t pv2 el vt 1Am
a 
 + Bmb 
-- (5.3.3) 
-- (5.3.4) 
The derivatives ka , kb , ma , mb are complex functions of the 
reduced frequency 
_ vc 
- 2v 
and the free stream Mach number 
= 7v. 
-- (5.3.5) 
-- (5.3.6) 
exact and approximate values of which for various values of 
w and p are tabulated in Refs.12 and 9 respectively. It will 
be seen in these references that the general expressions for 
the derivatives reduce for p = 0 to Kassner's formulae for 
incompressible flow. 
	 In Ref.11 the exact theory has been 
extended to the case of wings with flaps with open and closed 
gaps. 	 But in the present report by 2A6 no consideration will 
be given to such effects. 
Before giving attention to the manner in which it will 
be proposed to use the above results for three-dimensional 
wings, consider one term of the expressions above, e.g. 
c 2 	 ivt k
a 
2r1 	 v A e 4 
It has already been noted that ka is complex, i.e. let 
ka 	 kl + 	 k" a a  -- (5.3.7) 
as it is done in Refs.9 and 12 for the purpose of tabulation. 
By (5.3.1) the translatory velocity and acceleration are 
0 
2 i V e
i vt z = "•• 	 e c 	 2 ivt 2 
respectively, so that the corresponding lift can be written 
v2 - 
v2 1 2 7. p 	 z + ka  " El 	 or 27 p -2 	 a 2 + k" v 
	
-- (5.3. 8 ) v 	 . 	
v 
both expressions being equivalent and real. 
/ Admittedly 	  
c a  
N  =  K
1  
c  
- -  ( 5 . 3 . 1 0 )  
-  1 9  -  
A d m i t t e d l y  t h i s  p r e s e n t a t i o n  o f  t h e  f l u t t e r  d e r i v a t i v e s  n o  
l o n g e r  r e t a i r r 3  t h e  d i v i s i o n  i n t o  a e r o d y n a m i c  s t i f f n e s s ,  
d a m p i n g  a n d  i n e r t i a ,  1 ; o t  i n  a n y  c a s e  s u c h  a  d i v i s i o n  i n c r e a s e s  
t h e  n o t a t i o n  w i t h o u t  o f f e r i n g  a n y  a d v a n t a g e s .  
	
I n  a d d i t i o n ,  
i t  i s  e a s i l y  s e e n  
f r o m  
t h e  e x a c t  t h e o r y  o f  
R e f . 1 1  t h a t  f o r  
s u b s o n i c  d e r i v a t i v e s  s u c h  a  
d i v i s i o n  i s  e v e n  
m o r e  a r t i f i c i a l  
t h a n  f o r  t h e  i n c o m p r e s s i b l e  d e r i v a t i v e s ,  s i n c e  t h e i r  g e n e r a l  
e x p r e s s i o n s  
i n v o l v e  s e r i e s  o f  M a t h i e u  f u n c t i o n s ,  s o  t h a t  t h e  
s e p a r a t i o n  
o f  a  
t e r m  r e p r e s e n t i n g  e , g 0  a e r o d y n a m i c  i n e r t i a  
w o u l d  n o t  n e c e s s a r i l y  b e  u n i q u e ,  
N e x t  c o n s i d e r  t h e  p r o b l e m  o f  f i n i t e  
w i n g s .  	
T h e  g r e a t  
d i f f i c u l t y  e x p e r i e n c e d  i n  o b t a i n i n g  e a s i l y  i n t e r p o l a t e d  r e s u l t s  
a p p l i c a b l e  t o  a l l  t y p e s  o f  w i n g s  f o r  a n y  M a c h  n u m b e r  a n d  
f r e q u e n c y  o f  o s c i l l a t i o n  c a u s e s  t h e  u s e  o f  t h e  t w o - d i m e n s i o n a l  
d e r i v a t i v e s  i n  m o s t  
p r a c t i c a l  a p p l i c a t i o n s .  
	
T h e  p r o c e d u r e  
t o  b e  a d o p t e d  h e r e  i s  i n d i c a t e d  i n  2 1 1 1 ,  a n d  t h e  w e i g h t  f u n c t i o n  
t o  b e  u s e d  w i l l  b e  b a s e d  o n  t h e  l i f t  d i s t r i b u t i o n  a l o n g  
t h e  
s p o o r .  o f  a  w i n g  u n d e r  s t e a d y  c o n d i t i o n s .  	
B y  t h e  h e l p  o f  R e f . 1 3  
s u c h  a  f u n c t i o n  c a n  b e  e s t i m a t e d  i n  a  m a t t e r  o f  m i n u t e s  w i t h  
a n  a c c u r a c y ,  c o m p a r a b l e  w i t h  t h a t  o b t a i n e d  f r o m  l i f t i n g  
s u r f a c e  t h e o r y  a f t e r  c o m p u t a t i o n s  w h i c h  m a y  e x t e n d  o v e r  w e e k s  
o r  e v e n  m o n t h s .  	
F r o m  t h e  l o a d i n g  f u n c t i o n  
c  C
L  
K
1  
=  
—  
C
L  
o f  R e f . 1 3  f o l l o w s  i m m e d i a t e l y  t h a t  
8 5 ' 1  
0  =  K  
1  	
C  
- -  ( 5 . 3 . 9 )  
- -  ( 5 . 3 . 9 ' )  
B u t  i t  i s  k n o w n  t h a t  t h e  l i f t  s l o p e  o f  t h e  t w o - d i m e n s i o n a l  
t h i n  a e r o f o i l  i s  2 %  a n d  t h a t  t h e  f a c t o r  2 %  i n  t h e  e x p r e s s i o n s  
( 5 . 3 . 3 )  a n d  ( 5 . 3 . L 1 )  m a y  b e  i n t e r p r e t e d  a s  r e f e r r i n g  t o  t h i s  
q u a n t i t y .  	
H e n c e  w h e n  u s i n g  t h e  t w o - d i m e n s i o n a l  r e s u l t s  f o r  
f i n i t e  w i n g s
;  
t h e  f a c t o r  2 %  w i l l  b e  r e p l a c e d  b y  w h a t  w i l l  n o w  
b e  c a l l e d  t h e  w e i g h t  f u n c t i o n  
T h e  u s e  o f  t h e  w e i g h t  f u n c t i o n  N  i n  a c t u a l  f a c t  i m p l i e s  
t h a t  u n d e r  u n s t e a d y  c o n d i t i o n s  t h e  c h a r a c t e r  o f  t h e  l i f t  
d i s t r i b u t i o n  d o e s  n o t  v a r y .  
	
I t s  a p p l i c a t i o n  b r i n g s  a b o u t  
c o m p a t i b i l i t y  w i t h  t h e  w o r k  o f  t h e  n e x t  s e c t i o n  w h i c h  d e a l s  
w i t h  t h e  p r o b l e m  o f  g u s t l o a d s ,  b e c a u s e  i t  c a n  b e  s h o w n  t h a t  
t h e  i n d i c i a l  l i f t  f u n c t i o n  k  ( s )  d e s c r i b i n g  t h e  g r o w t h  o f  
2  
l i f t  o n  a  w i n g  s u b s e q u e n t  t o  a  s u d d e n  l a t e r a l  o r  r o t a t i o n a l  
m o v e m e n t  o f  t h e  w i n g ,  c a n  b e  o b t a i n e d  f r o m  t h e  u n s t e a d y  
d e r i v a t i v e s  c o r r e s p o n d i n g  t o  h a r m o n i c  m o t i o n  b y  m e a n s  o f  a  
F o u r i e r  i n t e g r a l  ( R e f . 1 4 ) .  T h u s  t h e  e x p r e s s i o n  t o  b e  u s e d  
h e r e  f o r  t h e  l i f t  o n  t h e  o s c i l l a t i n g  w i n g ,  a f t e r  a p p l i c a t i o n  
o f  s u c h  a  F o u r i e r  t r a n s f o r m ,  w i l l  l e a d  t o  a n  i n d i c i a l  l i f t  
f u n c t i o n  w h i c h  e v e n t u a l l y  p r o d u c e s  t h e  s t e a d y  l i f t  s l o p e  
d i s t r i b u t i o n  o n  t h e  w i n g .  
/  T h e r e  
- 20 - 
There is still one point which requires mentioning 
although little can be done here towards its solution. This 
concerns the fact that the wing will be deformed and in 
particular, twisted. 	 A partial solution of this problem 
could be obtained by complementing the weight function N 
by a corresponding expression deduced from the basic lift 
distribution of RefA5 9 which assumed. the wing to have 
uniform twist (Ref.6). 	 But normally the twist experienced 
by a wing in flutter will neither be uniform nor known before-
hand, so that such a procedure would require a step by step 
process, and hence would be lengthy. 
Under these conditions the lift and moment at a wing 
station y1 are given by 
2 
	
.p 	
Iz
k 	 + 2 efkbi N sing dy1 	
—
( 5 3 ,1 I ) 
v
2. 
-2 
	
= p 
	
iz m
a 	 -2 e 	 N -
c 
sine dy 1 	 -- (5.3.12) 2 
The corresponding arbitrary displacements to the first order 
are by (3.1) and (3.3) 
817 + yl sina, SP + y l coca 8 Q+ 8 e? 	 8 0 
-- (5 .3. 13) 
+ sin a S q 
Note that in this work it has been assumed that the axis 0y 4 
 lies along the half-chord of the wing. 	 If this condition 
0y1
is not satisfied g the aerodynamic moment will have to be 
transferred to the position of that axis in the wing (see 2A8). 
When applying (5.3.11) and (5.3.12) in the problems 
considered here one has to substitute for z and 0 expressions 
corresponding to (5.3.13) 9 viz: 
W + yi sina P + yl cosa Q + Q+ 0 	
-- (5.3.14) 
0 = Q + sine q 
while by 2A2 
v 	 17J 	 const 	
-- (5.3.15) 
along the span of the wing 
The assumption 2A2 is required as one of the basic 
assumptions of unsteady aerofoil theory which takes only 
account of small lateral motions. 
	 Thus the present theory 
does not allow for yawing motion of the aircraft since it 
would introduce spanwiso variation of the forward speed. 
This limitation is due to the lack of a suitable unsteady 
theory by which such effects could be superimposed on those 
due to lateral motion. 
/ 5.4 
2  
	 ( c o s  a .  
	 g t  	 g  ) 1   
Z s  
- -  ( 5 . 4 .
4
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1  - ( 1  -  
-  2 1  -  
5 . 4  
G u s t  L o a d s   
I n  t h e  w o r k  o f  t h e  p r e s e n t  s e c t i o n  a s s u m p t i o n s 2 A 1  a n d  
2 A 2  w i l l  a p p l y  a s  w e l l  a s  t h e  r e m a r k s  m a d e  a b o v e .  T h u s  t h e  
s a m e  w e i g h t  f u n c t i o n s  w i l l  b e  u s e d  i n  c o n j u n c t i o n  w i t h  t h e  
t w o - d i m e n s i o n a l  r e s u l t s  r e f e r r i n g  t o  a r b i t r a r y  u n s t e a d y  
m o t i o n  o f  a n  a e r o f o i l  i n  a  f l o w  d i s t u r b e d  b y  g u s t s .  T o  t h e  
a u t h o r ' s  k n o w l e d g e  t h e  r e l e v a n t  i n c o m p r e s s i b l e  r e s u l t s  h a v e  
n o t  y e t  b e e n  f u l l y  e x t e n d e d  t o  t h e  s u b s o n i c  r a n g e ,  a l t h o u g h  
t h e y  a r e  k n o w n  f o r  t h e  s u p e r s o n i c  r a n g e  ( R e f . 1 7 ) .  
	
O n l y  t h e  
i n d i c i a l  l i f t  f u n c t i o n  k
1
( s )  h a s  b e e n  i n v e s t i g a t e d  t h r o u g h o u t  
t h e  e n t i r e  r a n g e  ( R e f s . 1 4 - 1 6 ) .  
	
F o r  t h i s  r e a s o n  t h e  p r e s e n t  
s e c t i o n  w i l l  i n  p r i n c i p l e  b e  c o n f i n e d  t o  c a s e s  i n  w h i c h  t h e  
e f f e c t  o f  c o m p r e s s i b i l i t y  m a y  b e  n e g l e c t e d .  H o w e v e r  t h i s  
r e s t r i c t i o n  o n l y  a p p l i e s  t o  t h e  a c t u a l  g u s t  c a s e  i n v o l v i n g  
d i s t u r b a n c e s  i n  t h e  f r e e  a i r  s t r e a m .  
A n  i m p o r t a n t  f e a t u r e  o f  t h e  a r b i t r a r y  u n s t e a d y  m o t i o n  
i s  t h e  i n t r o d u c t i o n  o f  t h e  n o n - d i m e n s i o n a l  t i m e  v a r i a b l e  
s  =  2  v  t  
	
- -  ( 5 . 4 . 1
)  
w h i c h  i n  t h e  c a s e  o f  a  n o n - r e c t a n g u l a r  w i n g  w i l l  v a r y  a l o n g  
t h e  s p a n .  	 I n  p a r t i c u l a r ,  w h e n  d e a l i n g  w i t h  a  t a p e r e d  w i n g ,  
o n e  h a s  
s ( Y i
p  t )  	
2 v t  
	
2 v t   
4 )  
( c r - c t )
)
7 - 1 )  	
. 2  
( 5 .  
r  
r  k  
,  	 1  
w h e r e  	
A  -  
c
t
/ c
r  
s o  t h a t  	
s
r   
s ( Y i p  t )  
	
(  1  
-  t % )  
- -  ( 5 . 4 . 3 )  
T h e  p r e s e n c e  o f  s w e e p b a c k  i n t r o d u c e s  a  f u r t h e r  c o m p l i c a t i o n  
i n  t h a t  i t  w i l l  b e  n e c e s s a r y  t o  a l l o w  f o r  t h e  f a c t  t h a t  t h e  
g u s t  r e a c h e s  t h e  t i p  o f  t h e  w i n g  s o m e  t i m e  a f t e r  i t s  r o o t .  
B y  F i g . 5  t h e  i n t e r s e c t i o n  o f  t h e  l e a d i n g  e d g e s  o f  t h e  w i n g s ,  
i . e .  t h e  p o i n t  ( g
r ,  
0 )  i s  ( i e . C O S M  	 g
t  
g
r
)  a h e a d  o f  t h e  
l e a d i n g  e d g e  a t  t h e  t i n s ,  a n d  h e n c e  a n y  p o i n t  ( y
1
,  c / 2 )  o f  t h e  
l e a d i n g  e d g e  w i l l  b e  r e a c h e d  
l a t e r  b y  t h e  
d i s t u r b a n c e  t h a n  t h e  p o i n t  ( g  
r
,  0 ) .  
/  H e n c e  	  
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Hence by Ref.18, the lift and moment at a station y1 are given 
by 
dL = 	 v2 d2z 	 c de "-- o 	 / 2 ---Z 
	 d2 z 
	
c (de 	 d2 
ds 	 17102 	 -2- 'd. + 2 do. 
Cr 
- ?v lk2  (s 	 cr) damdog  N si na dy 1 	 -- (5 .4. 5) 
s ii 
am = _ ay2 c de 	 c d2 e 	 d2z  1 	 , 1 	 i 
	
critp. 	 1 d 
- k1 (s -T)i 	 2 + 7,- k„ o- + 2 --7 2 	 7 ds 4' -i-6 ds2 	 0 ' 	 I,do- 	 da. J e a 0 
s-As 
+ 	 k2 (s 	 do- N 2 - sing dy 1 	 (5.4. 6 ) do- 	 2  
In (5.4.5) and (5.4.6) the displacements z and 0 arc again 
given by (5.3.14) and their corresponding arbitrary 
displacements by (5.3.13). 
6. THE INTEGRAL EQUi..TIONS OF MOTION  
6.1 General Remarks  
In the earlier suctions the foundation has been laid 
for the deduction of the equations of motion by one of the 
analytical methods of general dynamics. 
	
In view of the 
complexity of the expressions for the energies, it is not 
proposed to present here the analysis in full detail. 
In Appendix 1 the most important steps will be described 
in order to allow a better understanding of this part of 
the work. 
It has already been pointed out in the introduction 
that the equations of motion will be deduced in the form 
of integro-differential equations in terms of independent 
variables, some of which will represent the curvatures and 
rates of twist of the deformed aircraft. 	 Such equations 
are most easily obtained from Hamilton's Principle which 
in the presence of non-conservative forces takes the form 
t 2 
 
• 
s (T — U) + 	 (,),
r 
 8 q
r 
 dt = 0 	 -- (6.1.1) 
/ The independent 
-  2 3  -  
T h e  i n d e p e n d e n t  v a r i a b l e s  q
r  t o  b e  u s e d  h e r e  w i l l  b e  t h o s e  
d e s c r i b i n g  t h e  r i g i d  b o d y  m o t i o n  o f  t h e  a i r c r a f t  
U ,  V 9  W  
	
P S I  	 R  
	
- -  ( 6 . 1 . 2 )  
t h e  f i r s t  s p a n w i s e  d e r i v a t i v e s  o f  t h e  f u n c t i o n s  p e r t a i n i n g  
t o  t h e  w i n g  d e f o r m a t i o n  
a  
	 -  P i  
2 2  ,  q ,  
a Y i  
2  	 =  O f  	 9  
8 3 7 1  
- -  ( 6 . 1 . 3 )  
t h e  c u r v a t u r e s  o f  t h e  l a t e r a l  f u s e l a g e  d i s p l a c e m e n t s  
a  2 v  	 a  
2
w ,  
f  
' f  9  	 2  =  
8  
x i
2  
a  x  
w "  
- -  ( 6 . 1 . 4 )  
a n d  t h e  r a t e  o f  t w i s t  a l o n g  t h e  f u s e l a g e  
a p f  
a ) 7 —  
- -  (
6 . 1 . 5 )  
T h e  e q u a t i o n s  o b t a i n e d  f r o m  ( 6 . 1 . 1 )  u s i n g  t h e s e  
v a r i a b l e s  w i l l  o n l y  i n v o l v e  t h e s e  f u n c t i o n s  a n d  t h e i r  t i m e  
d e r i v a t i v e s  a n d  t h e  s o l u t i o n s  o f  t h e s e  e q u a t i o n s  w i l l  
a u t o m a t i c a l l y  s a t i s f y  t h e  b o u n d a r y  c o n d i t i o n s  n o r m a l l y  
r e q u i r e d  
i n  c o n n e c t i o n  w i t h  d i f f e r e n t i a l  e q u a t i o n s .  
	 T h e  l a t t e r  
e q u a t i o n s  
c a n  b e  o b t a i n e d  f r o m  t h e  i n t e g r a l  e q u a t i o n s  b y  
d i f f e r e n t i a t i o n s  a n d  b y  i n t e g r a t i n g  c e r t a i n  t e v i l i s  b y  p a r t s .  
I n  t h e  n e x t  s u b s e c t i o n  t h e  a b o v e  m e n t i o n e d  i n t e g r o -
d i f f e r e n t i a l  e q u a t i o n s  w i l l  b e  g i v e n  f o r  t h e  c a s e  o f  n a t u r a l  
v i b r a t i o n s  o f  t h e  a i r c r a f t  i n  v a c u o .  V a r i o u s  s p e c i a l  c a s e s  
o f  t h e s e  
e q u a t i o n s  w i l l  b e  d i s c u s s e d  w h i c h  a r i s e  a s  t h e  r e s u l t  
o f  s i m p l i f y i n g  a s s u m p t i o n s ,  i n  p a r t i c u l a r ,  o n e  o f  t h e s e  w i l l  
i l l u s t r a t e  a p p l i c a t i o n  o f  t h e  p r e s e n t  w o r k  t o  a i r c r a f t  w i t h  
s t r a i g h t  w i n g s .  
T h e  r e m a i n i n g  s u b s e c t i o n s  
g i v e  t h e  t e r m s  w h i c h  m u s t  
b e  a d d e d  t o  t h e  e q u a t i o n s  o f  s e c t i o n  6 . 2  i n  o r d e r  t o  o b t a i n  
t h e  e q u a t i o n s  o f  m o t i o n  f o r  t h e  a e r o - e l a s t i c  p r o b l e m s  o f  
s t a b i l i t y ,  f l u t t e r  a n d  g u s t  l o a d .  
6 . 2  F r e e  V i b r a t i o n s  i n  V a c u o  
T h e  m o s t  g e n e r a l  e q u a t i o n s  o f  m o t i o n  o f  t h e  t y p e  
d i s c u s s e d  a b o v e  a n d  o b t a i n e d  b y  t h e  a n a l y t i c a l  p r o c e s s ,  s o m e  
d e t a i l s  o f  w h i c h  a r e  e x p l a i n e d  i n  a p p e n d i x  1 ,  a r e :  
- 24 - 
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	 (6. 2. 34) 
a 
111 zf (xl 	 Elf 4 
	
a. 4 
	 (6. 2.35) 
a 
(6. 2. 36) 
f4 - 	 ) a 4 	 (6. 2. 37) 
= mfti f (- x1 ) d 4 
	 (6. 2. 38) 
a 
I lay f (t 
a 
xi )d 4 (6. 2. 39) 
(6. 2.40) 
(6. 2.1+1) 
(6. 2./4.2) 
(6. 2.43) 
b 
=; Jx1  f 
a 
771., a 
a = 
xi , b = 1. 2 	 ,ci 0 
wham 11. i for - 0 :a = -117 b = x1 r
-,- l - 
a 
 
-1 ( 	 ) 	 1 	 .7 	 ( x. 	 „A. ) a rt 
PYf `xl ' 11 ' = inf- 1 f ' - -1 ' -- 
3f (xi , 	 = Jx f a. 	 (6.2./44) 
= 	 = 	 it. xi 0 " 	 '2 
where \ 	 Earl 
_ 	 d = x1 ,n 	 tx1 < 0 1 
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I t  m a y  b e  n o t e d  t h a t  t h e  c o e f f i c i e n t  f u n c t i o n s  j u s t  
d e f i n e d  a r e  G r e e n ' s  f u n c t i o n s  f o r  t h e  m a s s  s y s t e m .  T h e  
n o t a t i o n  i n t r o d u c e d  h e r e  i s  s u i t e  s e l f - e x p l a n a t o r y  i n  t h a t  t h e  
s u b -  a n d  s u p e r  s c r i p t s  c o n t a i n  a l l  t h e  e s s e n t i a l  i n f o r m a t i o n  
r e q u i r e d  f o r  t h e  r e - c o n s t r u c t i o n  o f  t h e  i n t e g r a l s  d e f i n i n g  t h e s e  
f u n c t i o n s .  	
T h u s  
t h e  b a s e  l e t t e r s  1 1 9  i y  
j  r e f e r  t o  p h y s i c a l  d a t a  s u c h  a s  
m a s s  a n d  s e c t i o n  m o m e n t s  o f  i n e r t i a  
s u b s c r i p t  n u m e r a l s   
s u b s c r i p t  l e t t e r s   
i n d i c a t e  t h e  p r e s e n c e  o f  t h e  i n t e g r a t i o n  
v a r i a b l e  a s  a  f a c t o r .  
i n d i c a t e  t h e  p o s i t i o n s  o f  t h e  c e n t r e s  o f  
g r a v i t y  o r  t h e  a x e s  t o  w h i c h  t h e  
m o m e n t s  o f  i n e r t i a  r e f e r  a t  e a c h  s e c t i o n .  
s u p e r s c r i p t  n u m e r a l s  i n d i c a t e  t h e  n u m b e r  o f  l i n e a r  t e r m s  
i n v o l v i n g  d i f f e r e n c e s  o f  t h e  
i n t e g r a t i o n  a n d  a c t u a l  v a r i a b l e s .  
b a r s  i n d i c a t e  t h e  s p e c i a l  t y p e  o f  i n t e g r a t i o n  l i m i t s ,  t h e  
c a u s e  o f  w h i c h  i s  e x p l a i n e d  i n  A p p e n d i x  1 .  
T h e  s a m e  p r i n c i p l e  w i l l  b e  a p p l i e d  t o  t h e  n o t a t i o n  i n  t h e  l a t e r  
p a r t s  o f  s e c t i o n  
6 .  
F o r  t h e  p u r p o s e  o f  t h e  s u b s e q u e n t  d i s c u s s i o n ,  t h e  
e q u a t i o n s  o f  m o t i o n  h a v e  b e e n  w r i t t e n  i n  T a b l e  1  i n  t h e  f o r m  o f  
a  s c h e m e  u s i n g  m a t r i x  r e p r e s e n t a t i o n .  
I t  m a y  b e  r e a s o n e d  t h a t  t h e s e  e q u a t i o n s  a r e  t o o  g e n e r a l  
a n d  t h e r e f o r e  t o o  c o m p l e x  t o  p e r m i t  a  c l e a r  u n d e r s t a n d i n g  o f  
t h e  m e a n i n g  o f  t h e  v a r i o u s  t e r m s .  
	
T h e  m a i n  r e a s o n  f o r  r e t a i n i n g  
f u l l  g e n e r a l i t y  l i e s  w i t h  t h e  f a c t  t h a t  o v e r  a n d  o v e r  a g a i n  i t  
h a s  b e e n  f o u n d  n e c e s s a r y  i n  r e c e n t  y e a r s  t o  e x t e n d  a e r o - e l a s t i c  
i n v e s t i g a t i o n s  t o  t a k e  a c c o u n t  o f  s p e c i a l  f e a t u r e s ,  f o r m e r l y  
c o n s i d e r e d  u n i m p o r t a n t .  	
T h e  a v a i l a b i l i t y  o f  c o m p l e t e l y  
g e n e r a l  e q u a t i o n s  m a y  t h e r e f o r e  
b e  o f  
c o n s i d e r a b l e  a s s i s t a n c e  
a t  s u c h  o c c a s i o n s .  
	
F o r  e x a m p l e ,  i t  i s  c u s t o m a r y  t o  a s s u m e  
t h a t  t h e  a i r c r a f t  i s  s y m m e t r i c a l  w i t h  r e s p e c t  t o  t h e  p l a n e  
0 x 1  
 z
1  a n d  f o r  
t h i s  r e a s o n  t o  p u t  t h e  p r o d u c t  o f  i n e r t i a  E  e q u a l  
t o  z e r o .  
	
O n  t h e  o t h e r  h a n d ,  a n  o c c a s i o n  m a y  a r i s e  w h e n  i n t e r e s t  
w i l l  b e  c o n c e n t r a t e d  o n  t h e  b e h a v i o u r  o f  a n  a i r c r a f t  w h i c h  
c a r r i e s  a l l  i t s  f u e l  i n  o n e  w i n g ;  
u n d e r  t h o s e  
c o n d i t i o n s  t h e  
a s s u m p t i o n  E  =  0  i s  o b v i o u s l y  n o  l o n g e r  s a t i s f i e d *  
	
W h i l e  
t h i s  e x a m p l e  i s  o f  a  r a t h e r  s i m p l e  n a t u r e  s o  t h a t  t h e  e x t e n s i o n  
o f  t h e  e q u a t i o n s  t o  c o v e r  t h i s  c a s e  c o u l d  b e  e a s i l y  e f f e c t e d ,  
o t h e r  m o r e  c o m p l i c a t e d  
p r o b l e m s  c o u l d  b e  
t h o u g h t  o f  f o r  w h i c h  
t h i s  i s  n o  l o n g e r  t h e  c a s e .  
I n  a l l  a e r o - e l a s t i c  i n v e s t i g a t i o n s  w h i c h  a r e  k n o w n  t o  
t h e  a u t h o r  a n  a s s u m p t i o n  h a s  b e e n  i n t r o d u c e d  b y  w h i c h  s h e a r  
d e f l e c t i o n s  h a v e  b e e n  n e g l e c t e d .  
	
T h e  o n l y  r e a s o n  f o r  t h e  
i n c l u s i o n  h e r e  o f  t h e  r e l e v a n t  t e r m s ,  a s  f a r  a s  t h e  w i n g s  a r e  
c o n c e r n e d ,  i s  t h a t  t h e y  m i g h t  b e  o f  i n t e r e s t  i n  d e a l i n g  w i t h  
w i n g  v i b r a t i o n s .  
	
I t  i s  e a s i l y  s e e n  t h a t  i n t r o d u c t i o n  o f  t h i s  
a s s u m p t i o n  w i l l  c a u s e  t h e  d i s a p p e a r a n c e  o f  e q u a t i o n  ( 6 . 2 . 9 )  
a n d  o f  o t h e r  r e l e v a n t  t e r m s .  
/  N e x t  . . . . .  
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Next to this assumption the most reasonable one refers 
to the terms involving the position Ylf of the centres of mass 
of the fuselage sections. 	 Asymmetry of the fuselage of this 
kind will rarely arise. 	 If in addition it is assumed that 
the axis Ox 1  is one of mass symmetry of the fuselage all along 
its length, the terms involving Elf and Iv z f will likewise 
-L i 1 
disappear, i.e. the corresponding columns of Table 1 will be 
free from inertia coupling between the various modes of 
deformation of the fuselage. 	 In addition several terms 
involving the body motion will vanish in equations (6.2.10) 
to (6.2.12). 
Since in many investigations the fuselage is of 
secondary importance, the above assumptions will very often 
be made. 	 Although the introduction of similar assumptions 
for the wings, i.e. 51 1 = E. = Ixlz = 0, will rarely be 
justifiable, it will be of inters to compare the equations, 
corresponding to these conditions, with those of Ref.3. For 
this purpose it will also be assumed that the origin 0 / of the 
system 0 1 x1 y1 z 1 is at rest, and that there is no fuselage 
present. The dynamic equations of a two-cell box with a fixed 
root then become:- 
, 	 1 1 2+ r21 sina, cif 
 1--4 1 s ina p 4- 	 2 	 z... f- 15 10.
x
+ sin a 13. 2 )-i- 'el' I. cosa-dy 1 	 I 
o 
	 (6.2. 45) 
.1, 
r12 + f421 
 sins p , + 12 
-I 	
.7.. ti I; -1 11 2 	 I 2 sina q' 	 T. cosa - Fi: ci + i sin2a `. dy J t, 	 X 	 X 	 z 	 1 
0 
It is easily seen that these equations are in agreement with 
the equations (4.9) of Ref.3, if due notice is given to the 
changed notation, coordinate system and the fact that in the 
present work the angle between the coordinate axes is - a 
instead of a. 	 Note, however, that the function f 4 (E 1 x) 
defined by (4.10) of Ref.3 should read 
ck-kr.. 0 
f(1 x) = ilk Y`  coseca 	 sins (11 x)( 
Finally consider the case of straight wings when = 
In Ref.19 the integro-differential equations have been 
deduced for the case of gust loads on aircraft with straight 
wings. The assumptions made there with reference to the 
aircraft structure are similar to those made above when 
obtaining (6.2.L5). 
	 In addition, only symmetrical motion 
is considered, but body motion is allowed for, although the 
rotation of the body fixed system relative to the space 
fixed system has been neglected. 
	 Under those conditions 
one finds from (6.2.3), (6.2.5), (6.2.7) and (6.2.8):- 
oe 
/ MW owe(' 
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0  0
'  	 1  o r y  
M I N  -  	
p  d Y
1  
=  
0  
0 0  	 0  
 B Q  + 1  j  
° , g 7
/  
d Y 1  
=  0  
l e o
1
2
+ 1 1 , 1  p  d Y  
	 +  q i  p  +  
0  
1 -7 1 2  4 -  C 2 - 1   
2  	
a  
0  
a s  	
ntn  
e s t  
+  
v  
 j  
q  d Y  
0  
1 1 2  	 1 7 '
2 1   
2  	
1 2 2  c l  
0  
( 6 . 2 . 4 0  
S i n c e  b y  ( 4 . 6 )  i n  t h e  p r e s e n t  c a s e  
t  
1 )  
 
i t  i s  e a s i l y  s e e n  t h a t  t h e  a b o v e  e q u a t i o n s  a g r e e  w i t h  t h e  
d y n a m i c a l  t e r m s  o f  t h e  e q u a t i o n s  ( 5 . 2 1 5 )  -  ( 5 . 2 1 8 )  o f  R e f . 1 9
9  
 w h e r e  i t  h a s  b e e n  a s s u m e d  t h a t  t h e r e  i s  a l s o  n o  e l a s t i c  
c o u p l i n g  
b e t w e e n  t h e  t r a n s l a t o r y  a n d  r o t a t i o n a l  d e f o r m a t i o n s  
o f  t h e  w i n g .  
	 C o m p a r i s o n  w i t h  t h e  e q u a t i o n s  o f  R e f o • 9  a l s o  
g i v e s  a  s t r a i g h t  f o r w a r d  i n t e r p r e t a t i o n  o f  t h e  e l a s t i c  
c o n s t a n t s
i j  
 w h i c h  c o u l d  a l s o  h a v e  b e e n  o b t a i n e d  f r o m  
R e f . 4 .  
	 T h u s  
f  i s  t h e  b e n d i n g  a n d  f 4
2 2  
 i s  t h e  t o r s i o n a l  
s t i f f n e s s  o f  t h e  w i n g  w h e n  t h e r e  i s  n o  
s w e e p  b a c k .  
6 . 3  
F l u t t e r  a n d  D y n a m i c  S t a b i l i t y   
U s i n g  t h e  r e s u l t s  o f  s e c t i o n  ( 5 . 3 )  o n e  o b t a i n s  a f t e r  
t h e  a p p r o p r i a t e  t r a n s f o r m a t i o n s 9  a n a l o g o u s  t o  t h o s e  e x p l a i n e d  
i n  A p p e n d i x  
l y  
t h e  f o l l o w i n g  a e r o d y n a m i c  t e r m s  w h i c h  h a v e  
t o  b e  a d d e d  t o  t h e  c o r r e s p o n d i n g  e q u a t i o n s  o f  s e c t i o n  ( 6 0 2 ) 9  
 w h i c h  h a v e  b e e n  i n d i c a t e d  i n  s q u a r e  b r a c k e t s  
V T  K
a  
( 0 )  +  P  s i n g  K
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b  M . -  +  
	 p  I
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1 ( .  
i -  
r  
1 1  
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b   
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1 6 .  2 . 3 1  
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1 6 .
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- (  . 
the coefficients appearing in the above terms are defined by the 
following formulae 
Ka (3r1 ) 	 = ka d (6.3.8) K1 a1 (yi ) =I Yi )d- (6.3.12) 
Y1 
Kai 6r1 ) 4.4 ka a 4 (6 . 3. 9) (y 	 2 	 "km- 	 4 a. 	 1 ) 	 = j 2 	 a d (6.3.13) 
y1 Yi 
9 r? 
Ka2 (Y1 ) = 1 r)ka  d. j  (6.3.10) Hal (yi ) 	 =I i 4 ),_ ma d. (6. 3. 14.) 
y y1 
Ka 
 (y1 ) 	 = ka (4 - ) a 4 (6. 3.11) Mal (y1 ) 	 = j 'A% (4 - d 	 	 	 (6. 3.15) 
YI Y
-LW K1 + P sina Ki + Q cosa K1 
a 	 al 	 al 
+ 0 /
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 dry ' 
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K 
-  3 1  -  
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)  
( 6 . 3 . 2 5 )  
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( 6 . 3 .  2 1 )  
2  
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( 6 . 3 . 2 7 )  
W h e n  e v a l u a t i n g  t h e s e  c o e f f i c i e n t s  f o r  a n y  p a r t i c u l a r  c a s e  
n o t i c e  m u s t  b e  t a k e n  o f  t h e  f a c t  t h a t  t h e  d e r i v a t i v e s  
k a
,  m a  
,  	 m i o  
a r e  f u n c t i o n s  o f  t h e  r e d u c e d  f r e q u e n c y  ( c f  
5 . 3 . 5 )  
V  C  
=  
2  U  
( 6 . 3 . 2 8 )  
w h i c h  n o r m a l l y  w i l l  v a r y  a l o n g  t h e  w i n g .  F u r t h e r ,  
w i l l  b e  c o m p l e x  f u n c t i o n s  o f  c o  a n d  t h e  M a c h  n u m b e r  
w h e n  w r i t i n g  d o w n  t h e  f i n a l  e q u a t i o n s  i n  r e a l  f o r m ,  
t e r m  M
a
p '  h a s  t o  b e  p r e s e n t e d  i n  a n a l o g y  w i t h  ( 5 . 3 .  
t h e s e  d e r i v a t i v e s  
p  a n d  t h e r e f o r e  
f o r  e x a m p l e ,  t h e  
8 ) ,  i . e .  
l a  
p 1  =  1 1 "  
p '  	
f i l "  
a  	 a  
( 6 . 3 . 2 9 )  
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604 Gust Loads 
The formal work which leads to the terms which have 
to be added to equations (6.201) - (602.12) is very similar to 
that necessary for the deduction of the expressions given in the 
preceding sections. 	 The fact that the non-dimensional time 
coordinate varies along the span does not introduce any 
principal difficulties, although it tends to complicate the 
analysis. 	 Due to the complex nature of the theoretical 
expressions for the aerodynamic forces (5.3.5) and (5.3.6) 
the most general case corresponding to the freedom of motion 
considered in the earlier sections leads to a large number 
of terms. 	 For this reason and because it is customary in the 
study of gust loads to introduce additional assumptions 
restricting the mode of motion of the aircraft, it is not 
proposed to give here the general expressions. 	 On the basis 
of Appendix 1 and of the earlier work given in this report, it 
is felt that these expressions could be deduced without great 
difficulty by anyone requiring them. 
However a few remarks will be made with regard to the 
choice of a suitable time variable since this may be of great 
help to anyone wanting to obtain these expressions. 	 In Ref.20 
the problem of gust loads has been treated for the case of 
straight wings and a dimension less time variable sm has been 
introduced by using for c of (5.4.2) the mean chord of the wing. 
As a result the time derivatives of the equations of section 
6.2 had to be multiplied by appropriate conversion factors. 
It is shown in that reference that such a procedure tends to 
over-estimate the loads inboard of the wing station 
corresponding to the mean chord and to under-estimate them 
further outboard. 
	 This is easily seen to be true because k 1  (s) 
is a monotomic increasing function and s is inversely 
proportional to the wing chord (assuming, of course, that the 
wing is of conventional plan form with outward taper). 
When it is desired to avoid the above simplification 
referring to the time variable, it will in general be 
preferable to use the dimensional time t throughout instead 
of s. 
	 It will be easily seen that one can transform the 
integrals involving the function k 1 in the following manner: 
s
2 	 t ,  
n 0 z i k1  (s - cr) --- du. -A k a 
aa.2 0 o 
2 
2U \6 z(Y 1 2T) c(37 1 ) 
cOl1 )) 	 6T 2 	 0 U 	 LIT 
Thus when integrating expressions containing integrals of the 
above type over the span, the order of integration can be 
inverted without difficulty as the integration variables will 
refer to time and space coordinates which are independent of 
each other. 
	 Such a procedure then leads to special types of 
Wagner and KUssner functions allowing for three-dimensional 
effects. 	 These modified functions will result from the 
integration of all terms, depending on the spanwise 
coordinate, over parts of the span, since, as before, further 
inversions of the order of integration will be caused by the 
introduction of the new independent variables discussed in 
section 1. 
/ 7 . 0 0 0 00 0 
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7 .  
M E T H O D S  
O F  S O L U T I O N  
I n  a l l  b u t  t h e  v e r y  s i m p l e s t  c a s e s  a n  e x a c t  s o l u t i o n  
o f  t h e  e q u a t i o n s  o f  m o t i o n ,  d e d u c e d  h e r e ,  c a n n o t  b e  e x p e c t e d .  
H o w e v e r ,  t h i s  i s  a  f a c t  w h i c h  h o l d s  t r u e  i n  w h a t e v e r  f o r m  t h e  
e q u a t i o n s  o f  m o t i o n  m a y  h a v e  b e e n  o b t a i n e d .  	 T h u s  i n  m o s t  
p r a c t i c a l  c a s e s  a p p r o x i m a t e  m e t h o d s  o f  s o l u t i o n  h a v e  t o  b e  
u s e d  a n d  i t  h a s  a l r e a d y  b e e n  p o i n t e d  o u t  e a r l i e r  t h a t  a l l  s u c h  
m e t h o d s  u s e d  i n  A e r o - e l a s t i c i t y  w h e n  d e a l i n g  w i t h  t h e  
c o n v e n t i o n a l  t y p e s  o f  e q u a t i o n s  w i l l  l i k e w i s e  b e  a p p l i c a b l e  t o  
i n t e g r a l  e q u a t i o n s .  
I n  R e f . 6  s o m e  s p a c e  h a s  b e e n  d e v o t e d  t o  t h e  c o n v e r s i o n  
o f  i n t e g r o - d i f f e r e n t i a l  e q u a t i o n s  i n t o  m a t r i x  e q u a t i o n s ,  a n d  
i t  h a s  b e e n  s h o w n  t h e r e  t h a t  t h e  l a t t e r  c a n  b e  s o l v e d  b y  t h e  
c o m m o n  i t e r a t i o n  p r o c e s s e s .  	 T h e  m a i n  d i f f e r e n c e  b e t w e e n  
t h e  m a t r i x  e q u a t i o n s  o b t a i n e d  f r o m  t h e  i n t e g r a l  e q u a t i o n s  a n d  
t h o s e  o b t a i n e d  b y  s e c t i o n i n g  t h e  a i r c r a f t  f r o m  t h e  s t a r t  l i e s  
w i t h  t h e  v a r i a b l e s  o c c u r r i n g  i n  b o t h  t y p e s  o f  e q u a t i o n s .  
O n  t h e  o t h e r  h a n d ,  i f  i t  i s  p r o p o s e d  t o  u s e  n a t u r a l  
m o d e s  w h i c h  e i t h e r  h a v e  b e e n  c h o s e n  s u i t a b l y  i n  t h e  f o r m  o f  
P o l y n o m i a l s  o r  w h i c h  h a v e  b e e n  o b t a i n e d  f r o m  v i b r a t i o n  t e s t s ,  
t h e r e  i s  n o  n e e d  t o  p e r f o r m  t h e  t r a n s i t i o n  t o  m a t r i x  e q u a t i o n s .  
T h e  m o d e s  w h i c h  a r e  t o  b e  u s e d  m a y  b e  i n t r o d u c e d  d i r e c t l y  i n t o  
t h e  i n t e g r a l  e q u a t i o n s ,  a l t h o u g h  i t  m a y  b e c o m e  n e c e s s a r y  t o  
e v a l u a t e  t h e  i n t e g r a l s  u s i n g  a p p r o x i m a t e  m e t h o d s  s u c h  a s  
S i m p s o n ' s  r u l e .  
C o n s i d e r ,  f o r  e x a m p l e ,  t h e  p r o c e d u r e  f o r  a  b i n a r y  f l u t t e r  
i n v e s t i g a t i o n  o f  t h e  w i n g s .  
	
I f  i t  i s  a s s u m e d  t h a t  a l l  t h e  
r e l e v a n t  c o e f f i c i e n t  f u n c t i o n s  o f  s e c t i o n s  6 . 2  a n d  6 . 3  a r e  
k n o w n  a n d  t h a t  t h e  p r i n c i p a l  r e s p o n s e  w i l l  b e  s h o w n  b y  t h e  
w i n g s ,  i t  w i l l  o n l , b e  n e c e s s a r y  t o  i n v e s t i g a t e  e q u a t i o n s  
6 . 2 . 1  a n d  r . 2 . 8  ,  a u g m e n t e d  b y  t h e  a e r o d y n a m i c  t e r m s  
6 . 3 . 4  a n d  6 . 3 . 5  .  	
S u b s t i t u t i n g  i n  t h e s e  e q u a t i o n s  f o r  t h e  
i n d e p e n d e n t  v a r i a b l e s  l i n e a r  c o m b i n a t i o n s  o f  t h e  a p p r o p r i a t e  
m o d e s ,  o b t a i n e d  f r o m  e x p e r i m e n t ,  i . e .  r e p l a c i n g ,  f o r  e x a m p l e ,  
p '  b y  
r 1  	 I  
 p '  4 ,  
r 2  2  
 p '  	
- -  ( 7 . 1 )  
w h e r e  p i  
9  
p  
a r e  n o w  k n o w n  f u n c t i o n s  o f  t h e  s p a n w i s e  
c o o r d i n a t e  a n d  r
I  
a n d  r
2  
a r e  t h e  c o r r e s p o n d i n g  n o r m a l  
c o o r d i n a t e s ,  o n e  d e d u c e s  f i n a l l y  t w o  s i m u l t a n e o u s  d i f f e r e n t i a l  
e q u a t i o n s  i n  r
/  
a n d  r 2  
a n d  t h e i r  t i m e  d e r i v a t i v e s .  A s s u m i n g  
h a r m o n i c  m o t i o n ,  t h e s e  e q u a t i o n s  w i l l  l e a d  t o  a  c h a r a c t e r i s t i c  
e q u a t i o n  i n v o l v i n g  f l u t t e r  s p e e d s  a n d  f r e q u e n c i e s .  
	
S i n c e  
t h e  a e r o d y n a m i c  t e r m s  d e p e n d  o n  t h e s e  l a t t e r  q u a n t i t i e s ,  
s o m e  o f  t h e  c o e f f i c i e n t s  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n  m a y  
h a v e  t o  b e  c a l c u l a t e d  s e v e r a l  t i m e s  b e f o r e  i t  i s  s a t i s f i e d .  
/  I n  a  
- 3 ,4 - 
In a similar manner, a procedure for ternary calculations 
can be developed by introducing, for example, also equation 
(6.2.3) + (6.3.1), referring to the vertical body motion, 
into the consideration. 	 A similar approach has often also 
been applied to the problem of gust loads, but in that case 
the normal coordinates will be arbitrary functions of the time 
and systems of differential equations have to be solved. 
However, it should be realised that such a procedure introduces 
a constraint, since normally an infinite number of modes will 
be involved. 
Finally a short remark will be made with regard to the 
specification of the gust loading process. 	 It is customary 
to make certain assumptions with regard to the "gust profile", 
although all investigators are well aware of the fact that 
it is very difficult or almost impossible to reproduce such 
theoretical gusts in order to check on the results of the 
theory. 	 On the other hand, it is possible to use the vertical 
acceleration for this purpose and to consider the gust velocity 
one of the unknown quantities to be determined in the process 
of solution. 	 The main advantages of such a step are that it 
is easy to measure accelerations suffered by the aircraft and 
that in this way gust structure can be investigated. 
8. CONCLUSIONS  
The equations of motion of aircraft deduced in this 
report are the most general within the assumptions stated in 
section 1.2. 
	 They are integro-differential equations 
involving only time derivatives of the independent variables, 
some of which are themselves space derivatives of the 
displacements commonly used. 
	 The use of such variables has 
only been possible because the continuous character of the 
aircraft structure has been retained throughout. In addition, 
this fact has led to a concise notation in terms of the 
physical data specifying the aircraft as an elastic mass 
system and aerodynamically, which will be found to be very 
lucid and suitable for fundamental aero-elastic work. 
The final equations of motion are obtained by combining the 
dynamic terms given in section 6.2 with the relevant 
aerodynamic ones of section 6.3 as far as problems of flutter 
and dynamic stability are concerned. 
	 In section 6.4 a few 
remarks have been made explaining how similar equations can 
be deduced for the problem of gust loads. 
In section 7, procedures have been outlined for 
solving these equations in any practical case, and it is 
seen there that all conventional methods used in aero- 
elastic work are applicable. 
	 In particular, the equations 
lend themselves to iterative processes and to the use of 
experimentally determined modes. 
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A P P E N D I X  1  
R e m a r k s  o n  u s e  o f   H a m i l t o n ' s  P r i n c i p l e  
I n  s e c t i o n  6  o f  t h e  m a i n  p a r t  o f  t h i s  r e p o r t  t h e  e a u a t i o n s  
o f  m o t i o n  h a v e  b e e n  g i v e n  i n  t h e  f o r m  o f  i n t e g r o - d i f f e r e n t i a l  
e q u a t i o n s  o b t a i n e d  d i r e c t l y  f r o m  H a m i l t o n ' s  P r i n c i p l e .  
	
I t  i s  
t h e  p u r p o s e  o f  t h i s  A p p e n d i x  t o  g i v e  s o m e  d e t a i l  o f  t h e  
a n a l y t i c a l  w o r k  l e a d i n g  t o  t h e s e  e q u a t i o n s .  
I t  h a s  a l r e a d y  b e e n  p o i n t e d  o u t  i n  t h e  I n t r o d u c t i o n  t h a t  
a  
s p e c i a l  f e a t u r e  o f  t h e  w a y  i n  w h i c h  H a m i l t o n ' s  P r i n c i p l e  h a s  
b e e n  a p p l i e d  h e r e  l a y  i n  t h e  p a r t i c u l a r  c h o i c e  o f  i n d e p e n d e n t  
v a r i a b l e s .  I n s t e a d  o f  u s i n g  a c t u a l  d i s p l a c e m e n t s ,  a s  h a s  b e e n  
d o n e  i n  m o s t  w o r k  o f  t h i s  n a t u r e ,  i t  h a s  b e e n  f o u n d  p r e f e r a b l e  
t o  i n t r o d u c e  a s  n e w  v a r i a b l e s  c u r v a t u r e s  a n d  r a t e s  o f  t w i s t  
w h e n e v e r  t h e  c u s t o m a r y  v a r i a b l e s  a r e  f u n c t i o n s  o f  s p a c e  
c o o r d i n a t e s  a s  w e l l  a s  o f  t i m e .  	 T h e  a n a l y t i c  p r o c e d u r e  i s  b e s t  
e x p l a i n e d  b y  t h e  p r e s e n t a t i o n  o f  t h e  c o m p l e t e  p r o c e s s  w h i c h  
l e a d s  t o  o n e  o f  t h e  e q u a t i o n s  o f  s e c t i o n  6 . 2 9  e . g .  e q u a t i o n  
( 6 . 2 . 7 ) .  	 T h i s  i s  t h e  e q u a t i o n  w h i c h  i n v o l v e s  t h e  m o s t  
c o m p l i c a t e d  p r e p a r a t o r y  w o r k ,  b e c a u s e  o f  t h e  f a c t  t h a t  b y  ( L . 6 )  
P }  
=  -  c o s e c a  0  
	
- -  ( A 1 . 1 )  
s o  t h a t  i n  t h e  a p p l i c a t i o n  o f  H a m i l t o n ' s  P r i n c i p l e  t h i s  
e q u a t i o n  a r i s e s  f r o m  t w o  a r b i t r a r y  d i s p l a c e m e n t s  o p '  a n d  C f s  
B y  c o n s i d e r i n g  t h e  d e d u c t i o n  o f  t h i s  e q u a t i o n  i t  w i l l  b e  
a s s u r e d  t h a t  a l l  d i f f e r e n t  s t e p s ,  o c c u r r i n g  i n  t h e  d e d u c t i o n  
o f  t h e  c o m p l e t e  s e t  o f  e q u a t i o n s  a r e  d e m o n s t r a t e d .  
A p p l y i n g  H a m i l t o n ' s  P r i n c i p l e  r . 1 . 1  a n d  w r i t i n g  d o w n  
o n l y  t h e  t e r m s  r e l e v a n t  f o r  e q u a t i o n  6 . 2 . 7  o n e  f i n d s  f r o m  
( 3 . 1 5 )  a n d  ( L 1 . . 1 2 )  
t  	 r  
	
a t  I
-  c o s a  7 1 )  - E  
	 +  	
+  ( y
1  
z 1
-  I  	
o l y  
f  
x  
( t h  	
1  	
E  m  c  o s  
	
I
R U  
0 ‘  
 b  P  
t o `  I  
•  	
1  	
X 1  Z  
)  +  m 2
1  
1  
; - 4
- 4  
1 1 2  - 2 1  ,  
	
s i n a  +  
-  s i n a  (  
	
p  -  +  	
)  +  	
3  	
1   )  
2  	
2  
d y 1  
,  	
•  	
•  
+  m  +  
	
-  1 . 6 (  s i n a c i  +  m i 7 1  +  y
I
m  s i n a  -  m
1
-  y
1  
c o s A  +  m Q U  t . q a y  
si ) c  	
o i  
0  
	
- -  ( A 1 . 2 )  
B u t  	
 
But by a condition fundamental to Hamilton's Principle 
= 0 for t = t 1 	 t = t 2 
	
- ( Ai •3 ) 
and hence, integrating in (A1.2) those terms, involving time 
derivatives of the arbitrary displacements,J  by parts W334 
respect to time, one finds: 
t 
at cosa 	 V + 	 + 	 mcosa - 	 )R + 	 RU 	 pdy •• 
	 • . 
1 	 1 	 o 	 I 
I t 	
xi 	 XI 7 1 
9 
f124- 1121  +(;sina (17.
11 
 p' + 	 2 	 q)r) 
0 
1.22112.0. r 3` 
2 
	 }L) 
	
o p ' dy1 
 
fr• 	 • . 	 • • 
+I m 	 + y5)- X1 sinall 	 + y1 	 - (x-1 yi cosa)Q + QU o  Sloidy1  b 
-- (1, 1 .4) 
since by (A1.3) and (Al .11) the integrated terms vanish. 
Next the dependent displacements bp, q will be 
transformed into Op', so that the above equation only involves 
one independent arbitrary displacement Sp'. 	 By the choice of 
the coordinate systems and variables (sco section 2) it is 
obvious that 
1- (o) = o ' (0)= 0 and hence p (o) = 0 (A1.5) 
at all times. Therefore 
111 (Y1' t)5p dYi 	 I F (710 t)d-7-7 	 81)1 d = 8 P t d-Y 1  F 
1 
	
(11'I •6') 
ir• 
F2I t)6i ayi = F2 (yi , t) dy, j 
	
A 	 -J
. 
i  
0 0 
	
0 
= 1 S dY i I F2 (p t) 
0 
t)dyi ; 1 6G12 	 y1)&1 
-- 	
.6") 
/ where 
0 
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w h e r e  s e v e r a l  i n v e r s i o n s  o f  t h e  o r d e r  o f  i n t e g r a t i o n  h a v e  o c c u r r e d .  B u t  
b y  ( M . 1 )  t h e  l a s t  e x p r e s s i o n  b e c o m e s  
k  	
t  
. ‘  . -  
P . , . . ,  
2  ' - '  
( . „ .  
1 '  ' ' ' '  
4 . 0  	
1 7 . 1  =  
A  
a . , ,  
s i n  a  1 8 p  •  d y
i  1  F ,  ( E ,  t )  ( E -
Y 1
) d  
	
- -  ( A l  . 7 )  
F 2  
	
-  	
J  	
2  
c 3  
0  
Y 1  
I n t r o d u c i n g  t h e  t r a n s f o r m a t i o n s  
( A 1  . 6  
a n d  ( A 1  . 7 )  i n t o  ( A 1  . 4 )  o n e  f i n d s  
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d t  i d y
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1
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 a Z  
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t  I x  
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